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ABSTRACT 

The basic Mitrovie's method is an effective technique in the 
analysis and design of linear feedback control systems. Mitrovic's 
method has been successfully applied to analyze feedback control systems 
with single nonlinearities. The objective of this work was to employ 
Mitrovic's method, which permits the variation of two coefficients of 
a characteristic equation, in the analysis of a control system with two 
gain-variable nonlinear feedback paths. 

After predictions of system performance were made, the predictions 
were tested by simulating the feedback control system on a Donner 
Scientific Corporation analog computer, Model 3100. Computer results 


were analysed in order to support or reject prediction techniques. 
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CHAPTER I 
USE OF THE BASIC MITROVYIC'S METHOD 

In general, the analysis and design of feedback control systems 
centers around the solution to an ordinary, linear, differential equation 
with constant coefficients. Specifically, the application of LaPlace 
transforms to the differential equation produces a transfer function 
which is a ratio of the output signal to the input signal. By proper 
placement of the poles and zeros of the transfer function, the frequency 
and/or time response are adjusted to produce results which meet with some 
set of specifications for the system. This procedure may be followed 
because the form of the solution to a linear differential equation is 
unique. The resulting solution is predictable and invariant. 

The introduction of a single nonlinear element in a control system 
produces a nonlinear differential equation where one or more of the co- 
efficients may be variable. There are as many specific solutions to a 
nonlinear differential equation with variable coefficients as there are 
values of the coefficients. Therefore, the accurate prediction of system 
performance is stringently curtailed. The use of describing functions 
provides an adequate solution to the problem of one nonlinear element 
within the limitations imposed on the describing function itself. 

Consider a feedback control system with a transfer function G(4W ) 
and a nonlinear device which may be represented by a describing function 
Cy» C4w) both in the forward path as shown in Fig. I-la. Then the 


transfer function for this system is: 


OG) a G (yw) Gp (ju) : (120) 
, (S) 1 + GG) G,(qw) 
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(2) 





from which the characteristic equation may he found by setting the 


denominator of £q. (1-1) equal to zero. Thus, 
L + G (jw) Gi(iyw) = 0. (1-2) 


The solution to Eq. (1-2) is: 





. aiiitn..., 
Gijw) = G-Ga (1-3) 


Where GC jw ) is a gain nonlinearity only and has no phase angle 
associated with it - which is the case for such nonlinearities as satura- 
tion, ideal relay, dead zone, and relay with dead zone - the problem is 
conveniently solved on a gain-phase plot. This graphical solution is 
illustrated in Fig. I-lb. The system operates in a limit cycle at the 
intersection of the two curves. This is shown as point "A" in the 
figure. A root-locus plot may be used to arrive at the same result 
providing the single nonlinear gain is not a function of frequency. 

When two nonlinear devices appear in a control system, only a 
family of gain-phase plots or root-loci plots can previde a complete 
solution to the problem. Thus the problems of analysis and design become 
complex and cumbersome. Analysis would be convenient if: 

1. Some method of simultaneously looking at t*vo nonlinear 
gains were available, and, 
2. Some relationship between these two nonlinear gains could 
be found. 
Mitrovic's method [1] provides the answer to the first requirement for 
control systems in which each nonlinear gain appears in a different co- 
efficient of the characteristic equation. The purpose of this thesis 


is to fulfill the second requirement for a particular feedback cortrol 





system. 

The mathematical derivation of Mitrovic's method is based on a 
theorum by Cauchy and will not be pursued here. The algebraic manipula- 
tions give some insight into Mitrovic's method and will serve to provide 
the reader with some feeling for the method. 


Consider a feedback control system with a transfer function 


_ K 
GG) = S(S+p) S*%,)” (14) 


The characteristic equation for this system is 
3 2 - a 
S° + (-p, + YS + Pip, 9 + K =0 ; (I-5) 


which is of the form 


AS’ +A,3* +A,5 +A, =0. (1-6) 


If the coefficients to be varied are Ag and Ay then the characteris- 


tic equation may be re’‘ritten as 


As? + A, Ss? + Bes +B, =04 (127) 


where the values of s have the general form of 


S = -'O, + {Wy V1 - ¥2' (1-8) 


and lie in the second quadrant of the s-plane. Then the values of s 


which must be substituted in Eq. (1-7) are: 


8 ()* (2 ¥*- 1) - | ZEW \ 3 (1-9) 
S° = §W2(5-4 5%) + jWS(4gDYT- & - 


Substituting the values of s from Eqs. (1-8) and (I-9) in Eq. (I-7) 


and requiring the real and imaginary parts to go to zero independently 


tt 





yields: 
Azo; +A,w2(2¥*1) - B,¥w, + B, = 0 (1-10) 
jWnfi-* [-A, we (1-49) - A,2hu, +B,] =O. on 


The solution of these two simultaneous equations, after first dividing 


Eq. (I-11) by jw, {1 - ¥ becomes: 
B, -[A; order) = (1) A, 2 (ie) 
B, [As (seers A, w,(2§)| « 


By plotting the results of Eq. (I-12) ona By - By coordinate system for 


constant . lines as OD), is varied, it is possible to map radial lines 
from the s-plane onto the Bo - By plane. Thus the result of simultan- 
eously varying two coefficients of the characteristic equation is plainly 
evident from a single plot. When the 3 = 0 line (s = 3G in the s-plane) 
is selected as radial line to be mapped, the stability curve is plotted 

on the By - By plane. 

Mitrovic's method may be expanded to solve any order characteristic 
equation for any two coefficients. The generalized solutions for Mitrovic's 
equation pairs are listed in Appendix B, Table I. In a generalized solu- 
tion, certain functions of 5 only id, ¢ ¥ )] are repeated, such as 2* 
in Eqs. (1-12). A listing of these functions of ‘ is made in Appendix 
B, Table IT. 

The analysis of feedback control systems with single gain variable 
nonlinearities using Mitrovic's method is straight forward and produces 


results consistent with root-locus, describing function, and analog 


computer techniques. Since the author had no previous experience in 
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either Mitrovic's method or analysis of feedback control systems with 
two gain variable nonlinearities, three control systems were selected 
and analyzed before study on the two gain-variable nonlinear problem 
was begun. The results of the study of these three systems appear in 


Appendix A and corroborate the results obtained by LT P. L. WILSON, USN. 
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CHAPTER II 
THE FERDBACK CONTROL SYSTEM WITH ACCELERATION AND VELOCITY 
FEEDBACK COMPENSATION 

A block diagram of the system to be studied in this thesis is 
shown in Fig. II-1l. The root locus of the transfer function for the 
system, without acceleration or velocity feedback paths, is plotted on 
the s-plane in Fig. II-2a. For a gain of 60, the system has complex 
roots in the right half plane and is unstable. The addition of velocity 
and acceleration feedback compensation, when saturation is not present, 


produces a characteristic equation which is 


ae “ 635° + 625 + 60 = 0, (1I-1) 


when K, and RE are both unity. 


Eq. (11-1) may be factored to give 
(ae seo OMG) 6 o> a nOseGa ere! U, Ont via 0: (I1-2) 


Thus, the system has been compensated to approximate a second order 
system with a damping ratio, e , equal to 0.5 and a natural frequency, 
Oy , equal to 0.984. The root locations for the compensated system 
are shown in Fig. II-2b. In response to a step input, the system would 
have a maximum overshoot, one of 1.15 and a settling time of about 
four seconds. 


The addition of two nonlinear elements produces a characteristic 


equation with two nonlinear coefficients. This equation is: 


4 34 60N,K,)s° + (2 + 6ON,K,)s + 60=0, (li3) 


nee eee 


7 | . 
, Suen 


a a 
a0) (cha ot 
' 


- 
ee Tn Pe 


- ; 
80 = er 


7 








"WBIZBTp ydOTq wagsks Jo23QU0>9 yoeqpee,g 


ff . Wa, 
T-II qundla ; 


Set 


& 





i i t } | | wie 
aoe EEE TTT TTT TTT TTT TTT TTI TTT TTT TTT EEE 









PoC peepee secsesesse So Po Pagers ecu mega eta aseus Had EEE EE 4 ere ene lo) ier let met tele | telelel nee eet 

Face eer rect oS rr et ete EE E EEE SEE EE EE rEEegEEE EE EEEEeEE EEEeeEeeee eeeeee ee e 

Por Ere ee , SRR SCE EOC 

CESARE SRS eee 

1 af pen : ne fete ejatstelate ties SCC 

FE or Te ECE ECE ree Ee ree EEE ee re re ree ee rere rere ee eee Eee Ere eee 

PINE ECC OC 

PES oR EE EEE EEO 

PCC ASSES CR ee ee 
REECE ett Fa st” aH aH SEE EEE EEE eC ee 
BT ty esr oy a) a eaele) S| a (atsle | sie (ole alelelse a eleiet (aaa e se elelslalsiel se) solase eis asi ale [sel ea) sales else) ere) sleep aiale sales) ale) alalele ea iayelalaleato tapolepa|syaalete etal mie) elapellelatan ey) 





ee ee eee Se eee eee EE Eee elseieie oe | gp | aH 
CTT TTT TTT TT a TT TT 
PTT TTT TS To 
poate A TTT TT rT TT TT te 

(epalelora cl ofagnlapepe (ayo tata se oe |S) =| aol e ta) ewe eee spo hs) pons. | ha eae JOP obo pak wey ontop age p ye alfa pe[afeatoye | (esa) 
Pele) epee i alee oh ee | ne el) ae ON pe aaa eee ee ere) 
TTT Eee OOOO eee oO OOO eee 
bay sey ale) fo) geet eo ent ola) ial | ia) Wee WORE Roel ola) ol ls (alo (me)2)o)2)alels (ays) speleloleyepal aps. sya ya lela pale ae eile re let fee lak ae) 

J a 


+7En8n 
2a [aay 
a) alaeelaialeyaye) 
apa etat as laalee elses cee Psa oleae ele els late) ol sleeps leaf) ep pay aye fay o] 
rT ble | fel eele le aoe eee eee ealsele (sia Iols] aes alee eels alas aha aa eels) leet alata pe) 
SE ee ee ee er t eee eat kes Ps a es foc yes ea] aac. *s eae ISS ESE esies Selejiiseene @ iesckan e Ses § Peete 
De eee oo eT Pe A a a 
Neer ry , eed TAL aa 
PT eT Fees saps fe ss eg pe el eel ee peks alee) TT eee eee eee ar 
Ce eee eae la sepa s ape) heen eae cpap g ain) olaye era See Pog) anf Yo EN Opt peng ra es Ye ee Pas] ea LT lee al eda pp ete pe pe a el ea ae AG alee edger ediaetaderlenlaeteenitin Sn)! hoot t| A ttt. 11) | 
Pee ese eee iss Eee ere eta re Hs Fae |g we 5 a Sep aa) eye a a se sf fc ff) se ae 
CLECEE CEEOL ECE CECE eae wel eee Pele Leer ere sea | a Ne eae a ee peg a lee ps els pea false 
De ae eet ee ef eee lop apo.opelofe Ame oe ee ee PEP Eee Eee eee Ele eel 
Paiste ea ee Eee eae CCE eee eee eo ae eee EE PEE CEE ECE CEE EEE 
De See eee eee ee ae eee oo) le eee n eee eee ee ee ee eh 
Ct See eee eee eich eee eee eee 5] Fe fg oa | lo] ae es oe i a fa 
ct ee state lel Se ele eeisele alae ie fee eee lee {ee fg ge fg pees gee nn i ft a an a [osc f 
Se oo ooo oe oe ee ee Er Leo ees slafete cial s[aefelalale lesa oleae sola lela eel ae (aialelalo[alahele ie log alsa ae) aislepofeleiat ie lan) 
Bee ete eet eae fale aes opel pale g eee eel olape fol olniafoloy a ea mOl | age poeta of ee) oe eee ae Ee ee eee) elelafee alae late eee els eae eee ae elaieaielelelal ge aieaeleialele(sefolaiaia|= [aaa aa pal ean, pene patel] 
Cee eee ee Slee) pas alee ee alee lola lela bape el ee eee se fee he loops o [abe] pep tee] ence) 
Coen ee ooo ee ES fesse hn a i eas Fe Yc Ye Ya Ya fo es) oe 6 2] eel ene ole eb] 
el fof aaa iey ape o las eee elelele ates (sels islslelsafefet ateis|s) hel aelsle(sla isola) a (2 iofe lala) atsalete (elas) ole) aisle lela pels |a)s tal ee eases pelo |e ale lefe) aie] =.=) | 





a 
Ss ad 
a a a ee rT Ett SoC EEC ETE 
ed | 2 a ee 


es Seas ae) ae ele aaa) 6 22) =a eae pate Pata ind a Feces ea ae fos) a ra ea meen ea ee sea ea oe es ae ego S| este te Se ee 
BEE EIS eee eee ee eee ee ee i elas setats| es] alee ga ea alee ae eel ale eel afelelefals ais lapeta) Pe teleiet abel sete oleae) ale okealelelalal eles eis) aisle lonhas| leis. alaran 
et rr ee ee ey nf em NN [cg ge Ot [ff ges aN YY a Fes fc ea fc cas cag al: Jali telop es lagel ee eleiele) Slee ieee alae a alae ieee alalete a eleiaye) CT lar ae 
ee a (eae) sel aia aa) apse] pepe Spee fee) ls ale a eee eel eel et ay as) 

{OE pica a eg en eae oe Ye fn fs J i fae ae sep Pea) 


famed) 

fe elejalelelalce mela tol ate ( he (olga aps fate) alsla ogee, ala lalallala shee] S| 
eT ee eae LL SRBEESEREE SECSE SESS CRESS ESRE8 CREE eee8 Loi 
ST ee 

stem Popes afew as fea ese at Te ee se fea 

ern CO ee eee 

CRT TT TT TT a a 

poe ~ 


oJ J 
t ee eel iejafalelatslate) eee 
fea [elon Sopra fee ae rae ee ele ae aa ele ee esi sels al alee eto el ales als elegans eee aol elles aloe a) I iP 
el lofeeee (ea afs\a)e eee eae a aletefalalaialale)afaleleleela(afelela)aieloielatale) merit TT SGGE8 Gaus Baace 
Pe Fest en se sa es Noa a se Ses lle la een ae es ey ls Lo | (elena) 
eee Leer) 


ee Eee EEE ase ei Ey fat CT TTT TTT eT 
Ne Ee ee alalela aa alee ae eel lat alata eleyore en ee Ue fein p pyle sy peny eres pa Tempe | eae ail les ee ae) 
eye ale ee) eS a eles eles ase) ee Slee ele ae 

eee ee Oe ee eee isa eee ee ae 

Pt eee Se ee Gh eee eee eee y eeletselo miei 


2) ee eee eae ielepefeletsislalets 
SEER SEE TEESE EEE Pe SS EE 
BSCE EEE CEES EEE EERE EERE EEE EERE CERES EEE EEE EEE EERE EERE EEE EERE EERE EEEEEEEE EERE EERE EEE EEC EEE 





where Ny and N, represent the instantaneous gains of the velocity 


and acceleration saturating amplifiers, respectively. The instantaneous 


value of Ny and No may be either unity or a magnitude determined by 


Eqs. (II-4). 


N ef sat 
1 K (¢ 
cle) (II-4) 
eh eeeec oe 
2 K,(6) 


The root locations for Eq. (II-3) vary with time as 8 and Q vary. 
This is evident if the block diagram is first reduced by including unity 
feedback. 


Then, 


~ 60 
GIS) = Ss735*> 25 G0 —— 


and the feedback path is H(s) where 


Z 


H(s) = NK s + N.K.s . (II-6) 
2a t 


1 


Therefore, CG, (s)H(s) is found from Eqs. (II-5) and (II-6) as: 


NI, Ke 

+ 4 

Gis)H(s) = GONKaSS* He) ae 
‘ S32 + 3§9* +25 +60 


Ni Ke 


te 
any given cycle of the system and the gain, given by 60N 


The location of the system zero at S == will fluctuate during 


~K will also 
2 a’ 

fluctuate. The difficulties encountered in further root-locus analysis 
are obvious, 


However, there is one useful piece of information which may be glean- 


ed from the root-locus plot. One root of the characteristic equation will 
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always lie between 5 € s < 62,016, Therefore, even the nonlinear 
system will always anproximate a second order system since the other two 
reees will be dominant. 

The system of Fig, If-] was simulated on a Donner Scientific Corpora- 
tion Analog Computer, Model 3100. The analog computer simulation is 


@ 
shown in Fig. I'-3. The 5 signal is picked off before the final inte- 
ee o@ 


pration steno. The simulation for @ was accomplished after @ was 


derived as shown in Eqs. (11-8). 


OCS) /10 _ 2 
¥(s) ~ 6+2) 


s A(s)/10 = Z2Y(5) - 20(S)/10 
6(s)/lo = 2 Vis) - 2Z0(9) 0 


(II-8) 


By using the above method for simulating J , differentiating circuits, 
which tend to saturate with steep wavefronts, were avoided. Much of the 
work involved the use of initial conditions. The initial condition for 
e 
6 was set first. Then the initial condition of the integrating ampli- 
fier, whose outnut is the signal marked "Y" in Fig. II-3, was adjusted 
«6 

so that the summing amolifier Eor o had the desired initial value of 
@e 

as its outdut. Since this system does not represent any parti- 
cular physical system, the terms 9 , and its derivatives, inputs, and 
error signals will be used with units in volts. 

The experimental procedure to be followed in this thesis will be 

to look at the characteristic equation using Mitrovic'’s method in con- 
junction with the 35 - 3, plane. After predictions about system per- 


tormance are made, the nredictions will be tested using the analog computer 
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simulation, The results of computer runs will be analyzed and compared 
to the predictions which were made. Finally, an attempt will be made 


ta expand any successful methods of predicting performance for applica- 


tion to other systems with two nonlinear elements. 


iS 





CHAP a 1 
TTROVIC'S METHOD APPLIED TO TH CONTROL SYSTEM 
WITH TWO GAINe-VARIABLE NONLINEARITIES 
For the feedback control system described in Chanter II, the charac- 


teristic enuation mey be put in the form: 
ASE eos METS, Saten On (ire) 
Tne eporopriate Mitrovic's equation pair from Appendix B is: 
aes = a [A,0,¢) ay 36) 
i 
B,= Or |- A oD,(s) +A,W 30,(9] . 


From Has. (111-2) it is evident that the parametric equations for 3 


(LIT-2) 


fl 
and 8. are not functions of the nonlinearities but have constant co- 
efficients which are A, = 1 and A, = 60. Substituting these constants 


and the anpropriate ¥¢ 3 s f£unetions from Appendix B in Eqs. (III-2) 


results in "as. (321-3). 


B, a 60(2*) u)* 


Q),, 
(III-3) 
B= ar + &,(Z>) 
Nv 
To study this system for stability only, a mapping of the ¥ equals 
zero jine of the s-plane into the By - Bo olane is desired. When e 


equals zero, 





2 . 2, os 
= OF (III-4a) 
and 
_ 60 
Be = Zz e (TII-4b) 


Z 4 ° «~ ° 
GJ, can be eliminated from Eqs. (111-4). Thus, the parametric equation 
for stability becomes 


14 





Boke O0. (III-5) 


When values of 3, and Be which satisfy Eq. (III-5) are plotted on 


the 6, - B, olane, a graphical solution for the stability curve is 
obtained. This is shown in Fig. III-1. Also shown in Fig. III-l is the 


curve obtained for equal to 0.5. 


The values of By and B, from the characteristic equation are 


er = £+60 Niky 
B. = 3 +60N,K, 


(ITI-6) 


i. lineer “M point may ne defined as a point on the By - Be plane when 


the magnitude of tne nonlinear gains, N, and Ny in Eqs. (III-6), are 


unity, i.e., when the system is linear. 


With Kk end Ke botn equal to one, the linear M-point, from Eqs. 


o 


Cri, is oe 3y equal to 52 and 3, equal to 63. There are minimum 
values for B, and B, which occur when N,K or N,K become zero. 

L 2 ine 2a 
These minimum vélues ere civen by Eas. (ILI-6) as 7 = 2 and By = 3. 
These minimus resions are lined out on the 34 - 8, plane in Fig. ITI-l. 
Since Nand Ny can have maximum values of unity, then By = 62 and 


8, = 53 define en uorer timit for M-point movement. These boundaries are 
shovwa as dasned lines in Fig. IITI-1l. Therefore, movement of the M-point 


is completely bounded in a region where 2 = B, = 62 and 3 = Bo = 63, 


yeh, CYCMES . There are ne Limit cycles for this system by the reasons 


i. 
—e —~s- 





which follow. Eas. (ILI-5} may be rewritten as: 
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(ILI-7) 
% 16 

If the M-point moves into the unstable regicn for a significant period 

of time, the oscillations in the system will tend to gro. This growtn 


results in larger peak magnitudes of acceleration, 6 , and velocity, 


3 . As the magnitudes of ere - increase, 3y and By become 
smaller, accerding tn Zes, €LIL-7}, which drives the M-point farther into 
the wasteble resion and the veak magnitudes of the oscillations increase 
aven anre. Conversely, Lf the M-point does not move into the unstable 
recion, Che seak magnitudes of any oscillations would decrease and the 
aoneint would move in the direction of the linear M-point. In theory a 
limit cycle could exist. However, it would be an unstable limit cycle and 


the skhishtest deviation from such a limit cycle would create either a 


stable or an unstable systen, Therefore, in the actual system no limit 


eveles Colm CxXISE an Tone Were 1oOUn, 
PEO OT ‘ae ‘[-s0int does not move in a linear system. Therefore, 


_—.S eee erw~ es 6 owe es ome + 


aneration of the systen is defined by the M-point location, two roots are 


snecified (s = -¥Wa + Oni - }, the third root can be found, 


ana system performance can be predicted. The M-point location on the 


= 2, plane can be adjusted to give any desired value of & and W, 


by adjusting the acceleration and velocity feedback gains. 
FE only cne techoneter feedback channel saturates, M-point motion 


is stone « horizontal tine since 3 can vary but B is fixed by the 


i 2 


volue of acceleration feedback gain. Conversely, if only the accelera- 


tion teedbeck channel saturates, movement of the M-point would be along 


L7 


a . 
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a vertical path. 
When both feedback paths saturate, the M-point can move anywhere 


Slane within the boundaries previously defined. Thre 


oy 


ino 


, + t- 5 R 
Ot Be o 
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exact nature of the !-point motion can be predicted only if the exact 
e oe 
QO vs ie nhase vortreit can be predicted, However, a qualitative 


description cf “ soint motion can be made using only a few approximations, 


Consider the trensfer function of the linear system: 


O¢s) _ CO 
O:(s) ~ $3 +635*% +625 +60 ” 





which may be rearranged as 


Q(s)(S? +638? +625 +60) = 606;(S). — azt-s) 


* 


An approximation of Ic. (LTI-8) is made by factoring out s -- 62.016 
from the left sice of the equation and discarding this term. Then, Eq. 


Tr? Qy% t 2 
({Tii-33 becomes: 


z 
6s) (S* + .4845 + .984) = 606.(s). an-s) 
For zero input to the system, Ea. (ITI-9) becomes 


O(s)(S* +.4845 + 484) = O (111-10) 


aa, (ITT-1C} vay be chaneed toa an annroximate differential equation for 
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e@ 
ne 
6 +080+86=0 a2 
Within the tolerances of the approximations made, Eq. (111-11) will 
govern the linear system. If the system is driven by initiai conditions, 


then, at t = 0+, Eq. (11-11) must be satisfied. Also, at t = Ot, 0 


a 
ae 


~ 





hes not hed time to chanee from its initial value. If ©@(0) is zero, 
then, 
ae * 


9=-864 for Of t<0+, (III-12) 


To test the validity of the assumptions which have been made, the linear 


ile 


svstem was checked out on the analog computer. Fig. III-2 is a phase 
6 e@ 
portrait of the @vs8 plane. In the brief time when 0“ t < 0+, the 
approximation given by Eq. (ITI-12) applies. This time period is indicat- 
ed by the 24 single trace lines in Fig. ITI-2. Regardless of the initial 
« 2@ 
value of #eceleration, when = (9) = 35 volts, 8 (0+) = -35 volts. After 
e 
t = OF, exch of the 12 runs for nositive values of 6(0) have essentially 


3 

the same phase nortrait. Similarly, each of the 12 runs for negative 
° 

values of 66) have the same phase portrait after t = 0+. (It is 
interesting to note here that, if the me term were eliminated from Eq. 
{TTI-8), no significant difference in the ensuing Eqs. (III-10, 11, and 
12) would have resulted. Use of this fact is made at a later point in 
thus cha ter, ) 

Consider this system orerating in an underdamped condition. The 
system is then oscillatory. If the velocity has a sinusoidal waveshape, 
the acceleration hes a sinusoidal waveshape which will lead the velocity 
waveshape by OO degrees, When the velocity is at a positive or nega- 
tive maximum, the acceleration will be zero. 

If the criteria developed through the aid of the assumptions in the 
preceding paragraphs are apslied to the B, 7B, plane, a qualitative 
description of M-ncint motion can be made. Assume the analysis of M- 
,soint motion is berun when the velocity passes through a maximum value. 
The acceleretion is, therefore, zero and the acceleration feedback channel 
is linear. Fipure *TI-3 shows the lecation of this point as M- When 
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the mernitude of the acceloretion becomes greater than the saturation 


voltage the magnitude of 8 decreases according to Eq. (111-7) and the 


— 


M noint moves downward as shown by the arrow from My in Fig. TIiI-3. 


This motion .ould continue until the velocity begins to change its magni- 


tude, say at My. When this happens, the velocity feedback amplifier 


saturates to a lesser cerree and B begins to increase. The M-point 


motion is then shown by the arrow from Mo & short time later the 


velocity channel goes out of saturation and the acceleration channel 
reeches a maximum degree of saturation. The M-point has then moved to 


a As 


4° s the velocity channel is driven into saturation in the opposite 


direction and the acceleration channel becomes saturated to a lesser de- 


arce, fhe M-roint moves away from M, in the direction indicated. Assum- 


ing a darned system, the M-noine could then pass through M), and arrive 


at “lee io, art Mes the acceleration channel remains unsaturated for an 


anpreciahte amount of time, the M-point would move in the indicated direc- 


3 
ry 
26 


it 


> 


tion as the magnitude of velocity signal decreases. At Me the ac- 


celeration channel saturetes again and the entire process is repeated 


throush M to M At M the velocity channel remains unsaturated 


7 8° 


as the acceleration magnitude decreases to M 


8 
9: This process continues 
until the linear M-point is reached, after which neither channel satur- 
ates. ‘The above discussion has been for a theoretical M-point motion. 


Before taking up actual M noint movement, the theoretical aspects of 


stability will be discussed, 


STAR TEITY 


+ orem —~ 


Theoretically, if the system begins operation in the stable region 


of the By - B. plane, there is some damping ratio, re; which wit 


oe 





ensse the aysten to have successively smaller peak signals at the maxi- 
mum of each comnlete cycle or half-cycle. Therefore a stable system 
would remain stable end M-noint motion would follow a trajectory similar 
to that shown in Fie. Lii-3. Conversely, if the system begins operation 
in the unstable region, then a growth in the peak magnitudes of each 
succeeding cycle occurs and the system can only remain unstable. However, 
from Fig. Lit-4, a set of initial conditions can be imposed on the system 
so as to place the M-point in the unstable region, say at Mos An un- 
stable system may be cyclic as well as unstable. For a cyclic system 

° oe 
driven with initial conditions, @ and @ will pass through zero. As 
éither one vwesses through zero the nonlinearity imposed on the system by 
saturation is rencved., Cn the Ry ~ B, plane, if the value of either 
nerameter is tne srme «s the value ac the linear M-point, the instantan- 
eous Si-point in cuestion must lie in the stable region. (41,). Addition- 


aliy, at any instant when By is greater than 20 (¢ 6 < 10 volts} or 


ee 
oi Preater than 30 6< 6.66 volts) the instantaneous M-point must 


lie inside the stable region (14). 
Therefore, for the non-linear system, the stability curve is not an 


a 


in} iolate boundary. it muse be possible to start in the unstabie region 


far 


end pass into the stable region. Two questions then arise. 

1, Can a system he started in the stable region and become 
unstable? 

2. Can a system be initially unstable and go stable? 


Equation {(Ti1-10) was obtained by assuming that the system at hand 


was essentially a second order system. As previously stated, the same 


eo 


result would have been obtained if the 5 factor had been dropped from 
ion % =% 4 - 4 3 3 - , 
iq. CVII-8). Equation {2TI-13) results when the s factor is disregard- 


ed but the non-Jinear coefficients are retained. 


23 











BECHER EEE EEEEEER EERE EERE ECE REEEEEEEEEEE EERE EERE EEEEEEEERE EERE EEREECEEEEEECEEE eee nee 

ef en i fe of ce ca fee en eno fi fen fee mk a i ef roe ef ag Gi a fo fo] ff of a nc ea fe fa ea fa ei | Yo ga BEGHaRa 

See eee SSS Ses -suetd ay - hy” aya JO meTA papuedxgy *y-JTT ean8z gees 

3 Freee Ere ree EEE eee EEE EEE ere ree eee 

qi traf +f pehapa(epay a [efala) Se eee EEC BECCA peo aunene Seer eta 
be tere oe rele geese eat tst af et PEELE ere ee reer eee Cree 

a Sar CSE a eee ge en epee me gn nena [cs ana se Tee | a pelea eonee +'- 

Pees arene A 


brates li) oneness CONCEN NATTA Ea 
otis bo Seeae 


ek SSD SEER Was 


NERS SA as NESEN RCTS SENN SESE 
ws te SSSA tis SN SANS ceets® ey fet 


paps Ke ea TESS >A PAREN PRN = 
Peete ss) ai) ent ese ps fee eae | Poe eet er effec fs Sea SSS meee ee sc PNG RH eee te 
Peat Hearse ara aa te FEES SEES PSR OE 
if an ance ess ean] a] es sr [tea ae ie ae ele le} Po ee ag bee er Fe ee Sage REC eee be | oe ee (eile) Ro 4 ty aa ean a fa] a fe ft] 
es os [at a oS fe este] [es] See eae ans pe ptr Stott fat bt a ft eee | aa Ge — {i s ee PP ee ee AT CR 
Lf ee ei Ta) mo eae eels ec eee) ss ee ee eet ee rai t+ fea ese es ea es en see cafa sauee L— eos SS) ah aye | ales) sere reg tee eel eS eae) Re 
) LT Lote HH Pooh 74 cp fs J fea cas fl eal ga pea a cel af fo ina af) ~=t++— 4- CELE ECT EE EEE Geta e eS ee ets tate Net yes eee als [ope |Setaelelelal ele apal | 
4 ees a a sf Vis fea] es a] SEE aT SaBeo L rt +43 ah Jel Ho rT Het ese Por eR TS To es ofa ef 08] 


CONTENTS EEN HEN | 
+4 otf ty QEEEBe RCS 


a a ate eee sialeia) elsici ys aie) sels] atele| Ss) el ala\alay sles [sal hera mt Seka ff] fe fi) is ca aa 
2 een ae ey oor sana8 oaee8 ela Salelet alesis anes re {8 | Peay soap. Me oo BSRRD eee it ae es tl | ca mee Ni imag ee eae el a) ee eas ee MH fafa cc cl wo cao] 
a terete sitet Beate es es es cates ff fee oe fs fee eet fees) a ry meson | > ta PE yt — CTT eT eee ee nae Sa Pa eT Tr TTT 
a es et fete ates + anan ry pt po eon Pt nel a ity 4 rt +++: ee <7 — Ces aie peer | dumpeat | tune! ‘e) EE eC EEE EEE EEE COS ELE pf it 
B Sakae fel ea ielel elec lee) res Ye ee Ss ea fe |] os me | TT ae] | a’ Py ee Te NT (e] 
ae ++ + jon} =) es] ratatat et aa naasd05000 Poo Be HH ae HCH a alee stat ate Saaae Bae 1 es See Boh etter [ea 2 oot ee ae NT cH ae et Gea 
reas] ens ef 3) poe EERE ESSRO La sferatay Ls Pe a a = CTT TT meee AH [Tis eg fe sf SI oo (2) as a) Seco LA Ses ease aisefe eee oR ee) sale tera gs aerate | 
ie) i ana Ja ae) r- ie ela class) elale) ee PeEEE caffe [at fea oo laa) @[oee)) sete fe) =|afeloga ofa) a alee rn tele elslehefeia) EL ceil ca] os ay loreal Pelee eae \afals) ge a Titty a ss “ee hess) aio) ai afae tae eelalons -_ fo] a es] sf 
RH een + pape ea ae easel) eel se elele alee afale| sie lahalals aletars (eee ele) ele elses |= elalsial ia ata ee lelelefal ale taiat se) aafae ls alale sel afalele,o fafa epoca e jeepers a] TT ah CF af te) le PP eso ea] Pe afer a) +73 AE TTT oe ae 
Lf = a ee ee as fe i ef ne Yi ia rf ai ei cen ic Fm an een fim Pn os a Fa ef ese fe en ea aa Ha ff ST ee ee AS (ne as Tica fig jje(alee ase sefel sal efe) oleate ale Sol ala) sa yaaa (a fol] aye) E 
ela ey |e (ae) fa(2 ale elas (alee lafe pate pats fee) ane age) |e ee) Des fe Ue ia Pf fa fe eff fe Hea AP ira ea ol Pn [sre] pe fsa) a Hoots NS Bt 
fal sl slaletesl azole asm ea] a ear os eae | aes] ee so 4 ae Lt LT eae Salas a ee ele(etels (a eletese(seieeis}e} Toe tt a + es) eS a a sf ee es alae ae er eee Sp ce 22S Pe SES elas) a eels 
co fo a ee lola aera cise pe gale inl al sala faisl op alee) oooh ty ae eeleye} ey 4 Le +2 eee Selale|sefelaie ales ]o[a)slsie [ae ese ieleslalal ---- Le ta bt tH Sif) aa enc a] | os mM | TTT NS er aa 
a + {ese se | si et fs Fae ees fa ec ea Jen cafes fs) Soo Sait efelatefetetsey opel sel aiapa yan) jee ese a Pe fac ea ea af | ST - ae LE eee eee NSS Po tit 
oH Beto HoH peal ae ea) lel 2 [ala lela ep alee fale laialels (ele |elel aye] Sanne fe) este off ec fate fey slate) Poo HH AH |_| a CT TTT a rr a | | H HH rig esc is ic eS] ia ae ao eles sales elas aletale) 
icf es et eso ef es] ep meee a2 af alle fee laa oH af a] ref ea os fen) ea ee] es) at ca fie A i] a) ae —-4 ead ao ost] ma cafe ee LT eee el sleefeae alee saa! aoe marae ler] —— — + arta 7a iajeay Sr we TN ed See -— 
ea a a es eens sles) alae asaya oo alae eel pot ee en Yan fs ef ct ata Soo Pot ote eal a paar a) ei cata] sa aes) Lt espe [eats pel) A +4 = a 
Hy + eS a a a ee fe ea YY aga eee ee ca ee fee es aes Fas) 4 ce es caf ee fa] iatalets = (opelofet. [a [alalate} alc} alata fifa) - IN 
ee slele) ala) eelala HR | eo) Jeeta) a it tata ie if nf es i oe rs fen fa a ea fea) Beetle {chee feale[ao oneal e) HH jes] oa fen esas ea LT eheafsyay 4. 
oH So SBESB seeenas aa it fats yao) sfale alate ales) aia) ala HH eC aie elelse]alay al Ao ae jajal eee |e) ai alelelelslags a eS Toe efter aS Ae N Sia el ale aeeel=(sfelafateiafoatele tafe 
sao ae ea calf eat Ne te Nf aaa) ooh i a eo ft a Pi) mi fea i i fp a ee | fs i | ps ah) pa = a es [es] mafia HH cH (ins) sees) es eae sla ae eo (e)etalel ele ae ale| a) IN ie 
an ia ae a ipo] pI eo ef fc wes a Ys ef a fr esr at ea fa J fina st iat YT Cd a a a a es eee ol PN 
oe os eae eee a le ae es Sle ola) tH YY YY ee Fa a a en | ae fae fe Yee a i fc) Ps | os Yo] H aoa en a ec fe af Are | baal f+ + a +4 eesaeseer br aEnen 
a a i a a fea cas Yee ny amas Pes Fe TS at Ss a es ae ifm ee ef en a  fecfesee|e) s tS s ets slel st I) a jc fea aa ie) a) 

i a a] mea) fs Ye ff eee af | eno Fe ese fms oe ef fe a (csc nm fii a | ge Ye fff ON oc fm fee own a as] me] og] | omg | ae Eleieetete GBes Ho eee Sais bo Soeseeees He as ate Ht NTT a 
Rg 5 YS Ue aa a eC ad aed a 2g ee fae a ff ee ss oa fe Fos aff eg] fo fn ef ea fe oes | wa em a ee fees re fofcfe BEE i [cam fs nf fe fea ie a fc Yi cam i fc es fos ema TN AT ttt | 
Me ee UE ee ee a a a 6m Fi fe pf fi fit J ame fet fi a ffm fea a en es] ee ss) ba ss bes + | at feel eee) pa ese S she ale) ale elalalalaiepels Ao efit |e » 4 CT a a ee - cs) 
a Jobe a in eff fc a Yo] Rp es] | ea eh Bea ee) baa | a jan fa [as] cl + -— je a] ein ea fe fa i Pe ee enn eng SA a Ya ffm a ese Yep] a pt TY feng eal ng prado ef gee) ea oe eee [es ony ef +H 
ox eat we no fae eae Fos st) ae rat GSae25 map p< = a [Te] elas) a aloes else lsleleyele| sosecesa HoH lates tt tata etatatal es ene a Sa a Ye eee eae eae ee Ye] bap eo ma a) a] ef] Mo 4 ELEN Name LE ao coo 

sense Ssees ee ce of sc PP a ae ret +74 Ho ot Eo Ho rH Sle aage S| safe ts oleae aes es lelelale siete pss ofall eis etetaaie es aleete ae aletalelalelaie) eles ta) ee Cf aS) eles] ele) rT a eee — ms si - Sena< ' Been 














a) es] a] ee | 

+. aa eee ere 

eee OE eee 

SSE Peer eee rosa PN eH ‘ooeee is sia a] 
seoee a A Pe Eee cs) ec] aha aes eannahnaeen ST TNS To Gua eff fo Ya 
a Yt | ATS Lt tt i | 

t .. i sea Spe safe] af aaalne 

alee feale e Relea aN 4 eae ges pa BB 

lea Sahelian ye SSS8REB Gaaa 4+- Lt +. leet elefe(elalelate ss loele sie elapate lala lara[al al ae ia fee ms ete is fs i a a a lee alate ose lalela| eee ssa) ela) aie| al eleal oye.) fale] ae) ef ele |e [else ete sl ola ale a Peete yA er HoH 
ta fea scoeea Gana HH fc as | ee a Je Ta Mis ne er fen Fe fs Mais ca een cea wa ex eee fe Pelee) SEBSRaB 2a Fe ica alfa a ea aah) a) aaner ec Pee oe Pe ee rT PS PH ti oo Pe 
ee ef i fs +o + Ra (oat aon HH Ca ose Ld ie aca [ee is ef fe Pe ff re fsa ff alee Tt isle je|s ie eee ales ale(e ae eee eles a asiao io elelalelsiaiaiajets) | ie ae ge Yc) a a pe fs) a | ay Pe Ne 
BOSSE BSeaSe eB a Sloe eS elses fafa [elalel shale [ ofall a(o (ale ya ee elapse elgg eee pee yee la epee loee lates [ale] alee) alalaenels|)o)tepe|elo gala | ope yafe opelage| oo em aa aff a casas ese ae ele] 4 ee NN aie BSSERE a 
oa ea a ak fe Ya aa Ye] a a em bee mes ea | see era ape oa alee lepelelolal aloes lela] ee) ] o[elapata) ota) anal iad] scan ef [Ps Jelena Ege (o[ ele eleteeicl ae) 
ie ne af rea fs) | Cee sla) a) eels eletelefeeie] (ele aeie est stalale tary beg fee ea fs Hts ee ea ass es sf ae ge) 

eff ft if a a |S a cf ins Ye Pura ate = a eh a eer a or Taen GSS! SBESESeeaa 8 

tN | ty 

ao 








a @ aan es Ys a as fs] fe|S) ae Se) aiehe(ee[ele} 
Sarat eee eee [ae yere cor coh ee ST a a em oe a Y eas fe Fae fn ae fi en a ff sae ya eg af a [ena fo es fsa eas | es — a lS eT ai a fea eae Ys aah ee ee 
+-—- aap as je as fs] Ht jf espresso) + - +3 ++ 4 ajeleleisto) te +f. +L fea alae eleyeis fale yelal HY arq TAS ra pees] fc Pe gh | sa] cca fea oma fe] ee are 


B 
elo [ola ih) jo] a) Hee el afelefeqs} sys ata: + 4. ef et ela) PEER CE eee elalete eee a ete $4 pt rs Te | pe] ae ff i eae |g Pico HN HPs eae aT] 


Eee EEE -EE Eee eee Cee ree eee eee ee eee EEE CER poor ES {NS 


4+ —+ 
Gaga LT 
ene a fis etfs tise alas) eels ale |als) os) 2) spate es) e [sat celeste la (shets|s(osetalale(alogeal alae, (a, opal agey aa) ape | apap sp sate pepe g apnea feape | aginy eg fefon| ef sy mapa calf pa] fp Ss ple |e |e] mene [ome Ope ime HH tH ete Ho Bea eee Yt aa 


elas [sleiSe} pe ea Pe a kit een ina | en of Ya fe a fs a] Fs aa elas) a alee a(S ae(sahela alas Sele la) eas) 2 esas] saree ais s)aie)e [S|] 65a) ee ee aes] Ss) ale Tau rh aa H & Boe 
BECERRA eS Se SS PE COE EE PE < aceet EeSaggnGe%oG8 
RECESS BREET EEE EEE EEE EEE ERE EERE EEE Eh seca PON NEE 
Seeneeseeue 2] Fea fein i eff] wl fel aarse]e)lafesl afe) ee) Pee See Bete tee Poth 05 pec) te ate Hb te et = 4 —_ te “+ —- etal (s (el ayele] a) + (eft sie fea = coh ata aia 





8 2. 
eae SS Seees ia oe PESuaA Sane Seo ae AY et 


BESS EEE HEC ESS eS FECEEEEECECEEECEEECeeeCe epee eee eee eee eee KEK eee 


oe ee ee | 


6@6¢ a » «2 cy rr r= Cl C7 an , > 
| e « 7 ee Eas | ed ° e 





a oe ) Te 


ae ee 


ae) 

@° yo ee 
ry Rie) Ge re 9G ee 
en eae) er As sere @ ad “et we LS e pe. a] oe a 2 : 

eiosh eee apes tty et el pr 


; Bits i" pba —e 


a 
a oer 
ee SS obhep- ee ee Oe 


fost Lit fo ss Steet 



























- ef 
+ “Ti 7. a Erptt = 69 @< ‘fe etee oo zy >< he 7 
pared ’ Prmnitames* ——<_ e& <a em > + oe oe | 

= — ® ‘r ote - © peaele @ - = - : - a r 

? — ) i e oe : : : e : a @ « ® I a : ¢q —_ : - 

>» oo rs = - é ™ a > - a< - *@ 

» Se» - oy | = — _ Saal a 7 non 

iin) / a) 


ad 


9(s) [(s + GON, Ka)S* +(2+G60N,K,)5 + 60 | Oe (JIT-13) 


Thus, the non-linear differential equation is approximated by: 


(3 +GON,K,)0 + (2 +60 Nik.) +600 =0. (111-14) 


To move the M-point to a desired location as a starting point, initial 
conditions are imrosed on Q eS while Occ) = . Thus, Eq. (27-14) 
may he revritten ‘rith the values of the nonlineosr gains inserted and for 


the time period AO<t< OF as, 





(3+ = BI =| 6 +(2+ 7H) e =O) (11T-15) 


for E eat = + 3 volts in each channel, 


© 
Consider Imitial conditions of O(O) = + 30 voitrs ard 670) = + 


LO volts. This condition places the M-point at My in Fig. Jil-5. If 
#0 é 


Eq. (UIT-15) is rearranped as Eq. (III-16) and solved for Owhen O= +30 


ae 
wolts then, 9 = -140 yoits and Bye the coefficient for @ , will be at 


s 


4.29 shown as 


bre 


QG=- 4 o(0 - 60[atgn 6(0) + aign 6 (o) | (111-16) 


in order for (O+) to arrive at -140 volts, it must pass through zero. 


' 
\ 





Therefore, M-point motion would be through My to M, and the system 


would be driven immediately into the unstable region. 


@ 
Consider the seme My noint but with 8 (O} = -30 volts. Then the 


solution to Ea. (i1T-16) is 5 = +20 volts and the M-point of t = O+ 


would be driven to without passing through My: 


‘or 
Py 
“3 


[£ the system is started at Myo by having Q (0) = +10 volts and 


(QO) = +400 volts, where would the M-point be at t = O+? Again, Eq. 
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()TY 40) 15 solwed for 8 she solution 1s OQ = -126 eyits fod, thére- 
fore, B, = 4.43, The M-point would move to Mi5 passing through Mae 
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Por 0 60) eit) Volrsrend BD ray = +00 volts, then 9 (0+) would be +6.7 
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volts ( B, = 303. This sequence drives the M-point to M 
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ing through M,.. 
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Although the above discussion is based on approximations, some idea 


of initial “-rcint movement has been obtained. When initial conditions 


¢ 
are imposed on @and@ so chat they both have the same sign, the system 


2 6 
apparently would be hit harder than if 9 and 3 were of opposite sign. 


Thus, the question of stability would hinge, in part, om the quéstion of 
the sign of the initial conmtitions imposed. 
ve 


When Ea. (LIT-164 is solved for © under varying initial conditions 
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for 9 ard @ . lable {li-i results. In lieu of all the approximations 
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which have been made, Table ILI-1 can not be regarded as an exact predic- 
tion of system srability. {It does indicate the type of initial condition 
settines which would tend to make the system stable, marginally stable, 
or completely unstable. At this point it 1s concluded that experimental 
tests rust be conducted to determine stability limits for this system. 


To investigate stability, the system was driven with warious initial 


ae 


conditions, The starting ».oint on the 3, - Bo plane is defined by the 


es e 2¢ 


@ 
magnitudes of the 0 and 2 initial conditions. The 9 vs 0. phase 
niane was selected as the appropriate method of recording data because 


of the direct correlacion between this phase plane and the By - By 


plane, 


After conducting several computer runs, it became obvious that some 


® & 
regions of the Gv plane would produce stable runs and some regions 


la aad 


would nroduce an unstable system. To delineate the stable region, the 
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TABLE III-1 


5 | (0) | Boy} statie (3) 
0 0 0 Stable (S 
4 "2 Unstable (U) 
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Predicted? 
Stable (S) 
Unstable (VU) 

Marginal (S/U) 
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@ Ge 


8 vs @ shase vnlane was searched until a stable run resulted EFrom one 

initial condition but, an unstable run resulted from an initial condition 

disnlaced a small distance from the original starting point. Figures Lil- 

La through LTly-o¢ are a sampling of these type runs. When the tocus of all 
© ee 

stéble starting points is drawn, the 9 vs 2 phase plane is divided 

into a stable region and en unstable region. This is shown in Fig. III- 


7. For all these runs, oS (O} equals zero. 
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Firure £LI-?7 cenfirms tue idea that stability depends on the siens 
of the inttial conditions as well as the mapnitudes. When the locus of 


ste xrle runs is niotte!? en che y - Ry plane, as in Figure III-8, two 


° 


srineipal dividine tines result. The first, shown as a dashed line, is 
* £4 
ror initial conditions of QandO of opposite signs. The second 


> @e 
fivicting line results from 0 and 4 intiial conditions of the same 


SION. 


foe tustiitative nrediction of M-point motion is confirmed, in part, 


when the mins of Fig, Til-c& are plotted on the 34 2 B, plane, as in 
‘de. TUF wo Yre nusteable ruin is not nredictable from the qualitative des- 
OP) =O OR VIN PAC iot. 


e4 
Vatess tie OO v5 © trajectory can be predicted, stability can not 


e ee 
be rredicce?. To assist in vredicting the 9 vs 9 trajectory, isocline 
theory seems to be the only available method. The differential equation 


Lor this control system is rewritten as: 


@te 


+ B, 6 + B,@ + 608 =O. (III-17) 


Santen 
{ Or 
oe 
ae = 6 (111-18) 
ot 


AG = 6 (ITT-19) 


At 


tyen subsctituciney (as, (1il-18 and 19) in Eq, (TIT-17) and rearranging 


rLVOS 


@ 
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- B,6 -B,6 -608. (I1I-20) 
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Tr the Bice Cie 0 v0 nhase nlane is detained as WN, then 


N42 dé. (111-21) 
dé 


® 
When the left sade of Fn. (41I-20) is divided by AO/dce and the right 


side hy Ss , Eo. (TIL 22) results. 





dd/dt =e) B28 +B, 6 +606 . 
dd/d dt — 5 ° (1{I-22) 


“ - ry ; : , ox e 
Eliminating dt irom che left side of Eq. (1II-22) and replacing d6O/d6 


by the slore, N, sroduces the desired equation for the isoclirnes in the 


1 


@ ee 


© vs 9 wrhase plane. When the non-linear factors, By and Bos areé sub- 


stituted in the isocline equation, it becomes; 
(3+! 180) ¢ LBO 
ee + GB + )6 - 60 
N= 1S (2 Lal 6 (111-23) 
Eauetion Lii-23 may be rewritten as: 


N - -58 -Z20 eee = 180 sign6 eo 


® 2e6 
The onlv unkeown, when Eq. (1T1-24) is applied to the OvsO phase 


4 


given values of N, is 6. If some value of 9 is assumed, the 


3 
trace 
MS 
= 
(i 
O 

5 


isoclines can be drawn. Figures Iii-i0a through 10c show these isoclines 
For 8 enual to zero, 10, and 20, respectively. 
From big. TiT-7¥, it enpears that, for a stable system, rhe maximum 
@ ae 

vatue of O when is zero is approximately 20 volts. By starting with 
© «t -20 volts in Fie. TII-10b, and tracing a trajectory away from that 
noint in a reverse cirection, a path results such that, for initial condi- 
tions enywhere on the nath and for 0 remaining at a value of +10 volts, 


the trajectory would return to the starting point. For a positive velocity 


acement, the displacement can only increase. Thus, 


a 
bomct 


and a positive dis; 


4] 





Solty see ae ee eee Li em Stim ose Oe eee ae ee OE ote ey we oe — 4 

mln pi! -* —— “em hoe we =~ {i r- P= oe - q — - 

: Sy ane ian is wise ecco eS Sakae zfs: 
“+ eee - Se 

=f we eee ee wl ee 


—- > —-- + == = 
a a = a Se 
1 rey > - oe ee eo ee ¢ - ee Soe - = 
i et ° -— - i - ~—_ -=: . a . - e be -=e : i = See eae hieS ag oye c= +. ee os 
Po ee ioe Seats a eee E See 2 a ew a Rk ia 6 ie deaete owe a - - -- ow mee awe 0g 0 +o mb ine me foe Baia ete gee ee ere 
ods wabea--- ne ee ee ee - == -¥*- ‘ ae : ° se - 47 o- tte re ~ oe °- oO et op w ee tee e ee 
- - _— eee 


~ ae ene 
= . 
erate - —- Oa = pm ow b oe oe - = ee pee e 
- : oe Pesie = a = =.8 ein ~ ° 
eran eiad “ = cee 

- ~ ~ to mes et oe seeeeneg tare a i a nf as i" 5 Brrr hal at acs es i is a - , Bt ne 

ioc a heomacies Bice =e tan) coe . woe ned mm ef pe fe wed oe — jee - - ° Some - eta = a ee - - 
oe wawn en tay - at snes - - - - - - = 


eae : = + a) 1 ee ee od 
o -4--- —— — - —e-=t -_ = « ° ee 8 ny Fee oe ee eee He we ee one —poctefse-- - = 
s ademas ee 2 ban ey oe < . —— me nad o-4 —s ee oe e-: 
way Male ne 55 a eo awe) |e —_— 2 bs * °- - + 4 —~ = poowe - 1 
' t 4 4 = —4<-+- -#e . - - = oe 

= se ome ~*~ -T- + z =< : -r- - +e: ame Fats > -9-—-+; - a eo 

+ —— ea -—- _—e . - -4- ep eu eh ye Ped. ome ee ao - ° fv 4 Be 0 e4 Oe —, 2e 

+ Z és apne m fe cme :4 we dee * wee tk 5 a an a - es - —~ oe + + bat g ome tere 


pee ete = 
soe 


pode wwf ee pw ee - ie 
. - - - . ome -e . "+ et ee . . - eal ee ees me ae meeps ane ry 
o & tern qenw : ~t eet ° epaee . 5 . ‘ . . e nari deren foe +-ty4 z ot 
Nene see ecto cc iptsaas Stee a aes eee ata 5 Set ee le 
: EMA Go clases aoe ae: Benne ean alee Z 
4. . SS 


= ~) me 
; poe ad ae te ee . - ? - ee bee of 


eee te 5 

0 ee we fe pe oy e 4 cS i ahs fe 

—— ie ato 

gat BAe 

aston ioe cig: 
oq git bee 
aren oa 
+ -¢ 


ert ea oe 
a -+— 


oa 


- 


: . te ee. . 
. . ” . . c oo 
t 
sie eselhice cna 
° = oom e s2bey eet. e a 
= wee be ee © ona mere + «=e 
ee 2 te =e ia nae 
aire anata eleleie ets eo sie 
e - . * ee 
- . mea 
aa 8 . ae 
iti ot me oe . . — ere 


coeg = 


= + ca 


eat yt | eee 


~~s - + @&e con on e -- 
eae fs a eee ie 


sees = ore at 
we bby ef owe 4 ee 


= eee ee eee apes 
ede wT te © 2 - 


— = = a = : v s : F or Y 
wi 6 7. : protege * 
enya ~ ‘ aka vtt-tt meg wore d wie I. : - 4 : . 
weul owen - Seekers * ? ° = - aie - aw aoe <a o.4. H oe “ - 
. cee seed zs eis ole ! — + eee ooh oe } . 
: + ° ‘ : wees me fet + wee | — +4 ore § ee o = Sra amie door °;-- ah *. - p--~ 
Sy <ifi= A tee . 1 ¥ ese | petaters Cees dae te I ne oe we - : ere . ° & | mt _ 
4 Fame . . eee 4 ee 
o-f ~- t= . a ~~ 


= * a a 
: o > t “Pr etme bh —_ ~~, ~~ +4-=— oa, ee 
- ‘é . : whe He. rere ~~ Riley ~~ o et hadey i ———— Sah 
V2esr ween at. -— fee es Sek ecepes aut Slee a Le 
+e mraew yates e - + AN ele, a i. + be Hhwe- -- 
- —-— ; eters sal ate pee ee a 
Te - a . 


- ee ee ee oe - t- 4 o~ede - 
ant --— : ‘it? a ease +L, tt eiliess a a |e . s : zs 2 + —¢deed : 
ue - 5 ' Sis - : 
[ts o= eree 7° 4 t— - - - ‘ . - ete . baagene 
eet tees ° cotaee ier ae . a = S ‘ Por iF Z ’ . = re S ea 
: 7 


ee +4 


Be 4 epee last ioe 
: - ER aioe : Se ae ba ah eee + ws 
« . owd - = eee ine ee ee a 4 +7? a w= et es 
pe wee - = ° a . a < ie - ay ° ‘ oo ait ae - =f bee 
2 rs ‘ > ; « « “ eek _ aot iy 4 4+ mae seene + 
eo «= et 


~ . 
etn 6 eat eee ; ra 
. 


Bea son neeeee [4-4 mares j--—; afore 
-2. - - ome te ome eee aly ~eeeene tw --- 








ee Be me nw eb eo oe wore: - « - : = : - ee ces * - - 7? oe ° =e acer == = = -- eee - eee = : ° * 
om wer ee me $e ae - ee Oc owt. oe - fF was fieas - ‘ 4 ° - - a we te -- « - -- - . ee ome : z if 
o- oJ - veep ee een- +e 2 ey Oe e * wot. * . - ~ - 2 = g sf . ~ ae os 
- = ‘ - ~~ es 7 . « i. am - oh - z - - - =n8 ~~ Pre Og RK ee owe 
ee GBs © tees 9 ae ep eet oe ee od Oe 
Se ee 
- -=2 te e- -@ - mee a 


eonwes 


ee ee 


ome * BD erence ote 
om Giese tae 
w- wee - em ti we G -- 


bee = eh pee. - 
- roe - - —e Topp ice 4 
. 2 e+ *-0 . om BSc Sr é @ - - o-e oa = ~—~-re rr * 
: ee : : Saas 
ob. mee oe - = piece 
—~+ —»- §- 
oe = 


en ee 


we em ee 
-e-ee ee 


o > : : Ge ° + = 

<2 eo ees -- a . Bs . = = . Ss = 422 2 . S ° ee ee ° : ° e . 

= wat 6otlg ses Bese hi = S = aS . SS OlALS “5 ‘ = aie e : a ee ee ee ores A oe - y 

tome oq - a imig a al Ooms spe . a ve , <= 2 o = ots eS ssac omd eed so fetc’ ae . - 

ee eH S 
oe -- . 7 = : o- - : - - . - * -- . Fe ee Paes pp e ow 
= : ate a . oes : e- . . S 2 .° e cap eee 26. : =, - ofe- ~~ Yt tom 9g ete 
iE = Ba: - = fz ° A e+ ee @- - --=-- ° oi 8 ma olin 7 < bye el ore 
. Bs we 4 Econ 2a ea ota aie Z ars ae oie ae E a, - . . ; ae = abe $ 
% < = = Seen 2 a e . e. - fm eieie - 
- ¢ ~~ ate’ og oe : s = Sie = - ~ eee - o- --- 0. - 
m=. -« 
=~ 


\) 


A) 


eee ae baw ee § tee be - 
ST a 


ee eee eee | . = ee et cehe ware 6 4 wes o- 
me eee wet de —-s . = a a Pelara Se — 
a ee a wees tee fo ewe dd oe cod free + os 

= wey tab pe bee Lee 
Moers er 





ct 








. nS a Te LP OD 
ee ae ee eS aoe ae an BS ° - — 5 a ata «see -e sere mye He 

= -@-e= we we Oe Oe Pee ee ee whee & tH re - - - 
0 oes - oe Sa inte teat ere = Sice, wbwen * 


: 
—— ee wee bee ocas 6 awa} none e = 5k oh 6 
Te te-ebe aohe - veoage- 0 | ome Mele, 
. a ee ee oe tae yao a 
+ : ns « * « eel - -- nae ODOR 8 Gg RR Ret tebe § em oy oe 
oie. - - . - e = - = = = rae = - -e~e + . —-et= om re sy = orm Pe ee te oom He - we I ee wee ee 
© oe ot — - o- --+ = - «me -° -t- : -4-:- com, - @aow- ewe I. coe . =e ailoin ri {--- Seen Bias 
o- ee oe aoe =e - - +- -—- 4 - -- rc . : a Bee : Pee 
etd me ee ote 4 ef - ewes — SP peo = ° ae =o a = = « - elie . i ‘anae ote <5 + ome eis es 
2s ace re = So i = z in * a 


=s 


“S31OA QZ+ JO QUaMa>DeTdSTp eB A0J SaUT[D0ST : 


-_- - 
oe +eoe-- 

- oo 

- 

—-h-- - 


-_ - 


o 8 *y ° ae 
a mete Fe eee om - ee GF . -= —~ wwe er + 
mea Po CO h oe eee re 
. ae . . : -_* = ~-=— 
ot FB SoS FUISIIS IT fi 2b eee See Ma aele) ene ae 
agers eee Wp i tc toes : - Serer : 


et pee meted -- -. 
- aa \6 wee mee fee 
eee: 

- 0+ eee 

ee ae o- - 

=e ESS 
@) | .22325- -: : 

<= oon © ee ee ee es -t+ 

es we gee rae ene eka as: 


—-- 


emer 
ee 


° -—-—-4--6 


tits 
eee eee eee 


tt eee ny 
wtogts wed. 


re 
= sKe(¢.e - 
.- -- SOS - ¢- 
-<-@ = sbew -e eo - 
Sues eters ow 


SS ee ea 
a 
ors ae 
ote eee 
e 
em aera - e- esdete ~ . ad whet @€e dar f-we 
‘ : 
tates wone : : . t -= sls —ebte woe fe r~ ie 
o— ane, 


a a = eo : : 2 a - wz4-- + ar oe coe -beee ote Baas ee ee 
aie Se eee ee Soe ye es S aeons : -f- 77 <= e- oP emerge ede 
e+ ‘ = : os ‘ = -« - ~? oo ° o=-- eee pone 2 | ne ad ° z 
e ° (se : “« . - . e-- rte -- - -° - - same e-dwewon de 
- - ° oq: ° e _ - te ° - - . ~ ° --4"°- --¢ ° - ° 
Cae ~ ° - - -@- - - - ecb : 
- = 4 - ° > 


one oe te ed de oye feo 
so sete pds me oe M 


de ewe ge ve 





ee ro -- 
boa fee SORE eas se 
CS haan @ hu Wa gee yee 





« ¢6@ 
Cie reeset o” tre jycetory in. tue wunper half of the © vs Q plane would 
@ 
fond tourrd ene delined ov the isoelines in Fis. ILI-l0e. For “ equal 
te vera, ~ second precicted trajectory to arrive at that point is drawn 
on Fig. Tit-1%b. Using these two nredicted trajectories, a region of 


a 


stable runs is predicted on Fig. JIT-LOb. 
a te 

nee renin, the @O vs@ vshase plene was searched for stable and 
tnstebin regiens «nen OQ ij <8 ten volts. Figures Ifi-lla through lilg¢g 
are ao somntens oo fhe runs tuich were made in this search. When the locus 
ay strbhic starting -oints is drawn, the region of stable runs is enclosed. 
Moypere G17 €2 sies 9 witrtion of this regicn which corresponds closely 
1e re-citwn which was »xredicted, 

‘ccording to the resuits nolotted in Fie. ITL1-12, when 8 0) 1S 

@ 

+10 volts no resitive values of O are permitted if the system is to 


reoain «Cable, Therafere, te is coneluded that the system cannot remain 


sy the reasoning which 


at 


Stebnte +,ar 2 Sten Bert creater than 10 volts 
oliows. Sirce tage “-ste- is not critically damped, for a step input of 
iC voits there “Jil be sore evershoot. As © reaches 10 volts a positive 
eerecity “wil OFF tt. “ive overshoot, Therefore, the system will go un- 
Staiie when CBE 16 vo'te and the velocity is positive. 

® 
I J3A ig a nhnese portrait of the Ss Vs S plene showing the 
cratectory fer er sten innut cf 10.1 volts. For this input, the system 
“tio! os Ue Trove if -13b shows a recorder trace for the indicated 

s 

Yocisles vies Cie “seyaro Lii-l& is the shase portrait of the = vs@ 


Dieses Dirnoe a E Oem yc 34s inerensed to 10,2 volts. For the bOG2 


a 
“ 
Sy 
—) 
‘ 
ce 
— 
r 
ne 
= 
~“ 
ot 
2 
me 
re 
ya 
¢ 
a 
7 
(? 
s 


unstable. No limit cycle operation could 
ne terol hy ser fer tee inot between 10.1 and 10.2 volts. When the input 


mae in saebw@er mteps, °.c., less than ten volts, and the system has 





aan 


ees te eee oe Ie 


4 swe da -— Seo Or 
ite cache » ees +5 

e+ eel vas - _—s at eb fe - 8 

et a = Zi s 


3 SSccienae ne 


pipiens f= == 


gs 9 “BT I-III ean8tq === ay unlesig x! : 


ty 
ficetoben patie 
pe peteelet atic 


Seat 


_ 
_ 
ot, 


-= 
+ 


Tanah ae 
STERN P te: 
* aia att ee 
Se yee 
+t . C4 


Ee Sateen sai te 
eae edi eB 


ee 


Se 


* 


tt a ape 
e-- mb te ae 4 ben ya : : 
~—- =} od ge | » e art  } = : : 
: ail = a = ° - - - 
—4-: at we tebe epi me Fie ° ea ‘ t - 24 ~~ 
: 5 s ; tot ae = 
+a > -- ag Sa ee - See ee ee 3 a Sort = 3 : 2 = 


—? : ; - . =! 
- te hv rape - = = +-- s od - ; , pits Eh 


bp pee Fs we eriwe _— . 3 e (mole aT wont ee 2 — . ss 
~ . o- Pte ee - -« bid eens da ha cae ae pena rae, aa 
- e - 


ee og ee — 
| ae 


eee dete 




















moo m }-.. = °e- 6 re = om 
7 a o~ntw. ~ be we - 
ww e{ hb --- oe ck we-- 
a 
eons) hiss aan 
FO es awe ee amie eh 
tame - toe —-— ia & —— 

4 = pols 


6546 “QII-III eansrty , 












eel 
: —L pe a SSI a sg 55 Sy mt W449 ~ ‘ fe bre ge seh er 
e- -° = —. = mum ple ieee ga eR ee ey ee + tee bad de onde - ° - 
a aveae - SS tm rm ne a re wt ome 0 feet = ~—=. ew Jose @ weed on wen cee —9 <= © due Oud meee bboy - o¢eee 
; ee nee bg ws ee ftp ed Lee a sae ob one ee ieleaee Sera erated Oa ie apa fa ote. 4 diy eee 
oleae au ee w—- se _ mente - mth oa 1 peewee eo + . - on at en pen wey ¢- 1 ae 
= Sbeswy op eo ee fe | ne oh teh —-- Sieve tara teres cite oe —etwti ¢ ~—- Bie acne ae 








- se -- wee > 

? ep h wifco mene 

t + .* {4 = 4 9-t oe 

o bree @ ae @- pees gteaad ages! 
o 


ea earats 
ee oe r 4 
+o — 














reigg . 
t 
Fr 


& 
c 
4 
‘ e 
. ” beabobyge? « 
wera nee 44 Meth etic |) ah tay 


i 
RY 
| 


‘ ' 
e 
R --, 4 e ¢ tte » 1 
4 t hia ‘ ‘ ‘ 
? ho bed ey ej}: a) « ie ‘ 
% ‘ 
Bee c : ‘ 

A ° ’ ' 
4 aUtea i 
: Hy? ct! 
Bs ‘a “* rt i 


t . - + - +. 
a! ° y . = peas) o # os - 
- . 7 -- + = - - = F + a - -P7- + ~- 
* + § * 1 om oy a = 
i ° b pep - + + oe —~ 4 - » 4-14 + : “ ° bt» ~— de 
t —te<tT + ; 4 4 twa ‘ lee 
Saree : 3 : 
[ace eave . 

= +. eet 

x bt etter ; 


+e 
T ee 
4 
atetaris : 


-- 
- 
1 
a 


TY 


_ 12 
So see. 
rai} r Ss pa as 
on ae 


id 


Tae ; 


ok 
+ Vag lees 
t 


peti 


7 
i 








Hite 
tr 
ee 




















soa 
3 ay 
Pee fH 
- — wma | 
3 eee tei lees es 
id 
. tt tt te pp = ee rests Ss Poe eed 
ee rj ie re —- ss + ab + 
- wedi - —. aad 
rey ssf Pfes PEE e Sis 
oo oe 
4 


e mand hae pmb! py Sl ceenteee tae ode) 
- -¢ -- wets 
alas 2 a. = 





ve sey 


Seek 





e 
40 —- 
+ & 
‘ 
hog ot}. * 
¢ 
ea 
rt ry 


Hf tty 
- Hy 
Ty 
4 
t 
I 
etary: : Te t +t 
“ei tle ‘ « Saree it 
| habe ey 
sgphigeds H 
z LF] 








- © 
we ae om foe eo 
a Seatren . 


—_ 
~~ 


PEPE NS 4 
oa ? 4 ‘ 
it¢ 13 

ty 

qs 








- - 

2: ee 
6 on Se 
—_ as 


o- 
—+ st054 - 
7ee 
— - 
ve spe Ea - = 
a a re meee 
. 


+ : s - e rae ee wy hme 0 me eee 
i i —te- - fe - - - - - me 
ee oe a 





ome Pens bocce ame on 
Se ah se 





-~* a - - si 
Sistenrs harriers Fam = —— | one eT 9) . « -<- - - ~ oc eee te me yp ete © 00 me Ot OO 8) oe epee eth — ew bm -o - 
7 ie eet 8 . = - - -- beeen - - . -“- ee — ee 
Si . ‘ oe @ °«@+nee 
= -.ee + = += 
. © § ~-c 
« 


~ —— ee 


’ 3>50f 0S 8 bh etre Te eek 
VIL BA SA 
JX. 
je 


-ene - 
ope -+ 
7 7 
- 


: “* -=— 77s 
- - — -- ieee mite 
= ir eet oe 
- - - -4 + 
— = ¢ be 
° - Lm e pepe poet Jae] ee te 
et pe mp - 
- tte-ferne 
- ° “2 a. . 
. = . a twee k= 
. . “~- - 4 ° = 


Lye 


- 
-ed 


° 4m 
rs 


+ - 
oe a aia * . e 
rj ° He - ~.se 
.—- wet pepe ot he wot he 
7° a ee Fe - . 
oe ewe eee 1 eee ee ncaa vane = 
Om .--+¢ 2 © 
ee ae é se 
ees ae a 


ee 


ee pe eae ete 
= 2 ane Ui ecee ode ; 
- 


my ome ye 
Se 
- : 
Ore ee Be - 


oe eee 


. n ear as mate : 2 = ~~cte - - - - = . ond $b ep mw me 
= + - “ae - - - - = we - thet oy tees bogs 
edie! cetera: Load aie Sathis 5 B 5 
oc Seem dag LOtt te 3 <j 
cee er: + gee os, 
7p heen = sere 
ae + — --o. 
‘ Tee =r pore 
epe=icge —, . : 
etn ees = — 7 tz; 
' 


+ e-e . 
hone ; coer he eos i 
eo -es #4. os . : is 1 : 
wp4er et - , Pe = seagt ieee i] 
te oe ~e ** 7 ’ . = . - “ 
ea cad . °- - 4 - 
ae pne <b  -+ om te : -- -- is 4 iz - < . ~ 
ee ey ee = oe - ba = ° : i - fore ’ : iS . ea 
= + ° . . : a ee ee y : ss _F- cee 
. - “ i : : 


—wq-ee hanes tpeee 
2 pw ee 

Soe {= 

—~ wwe bk me 


. reehtow ed - 
See teriss- 


—- 
dpm mg pi se § 4 we es = 4 
— mops mf ky 
aes fee me i bos — 
, ee ee ee See 
em 
ome - wee +f eee fa eae ode fo 


- . 
we 2g ete ees Sr 


ele 











SUS eae mn QO RK 
= be oes f- 


es bee + 
os a ee 
- —-- -—=d . ef 


$ ce -4emmm.2 =f - 


7=— gfe) re Ne eee eee 

- ~~ 4 TIA -- 

. oF tee a de ee ye - 
s 


-+ 
’ — cer 
cd 


2 jane ° 2 iS 
ee a wae Me Bn eee Peg aa fee eg eee gam Se aes senate Aa kt FE te aie = — 
a em ee ee eee, 

; Dy ea | Een ease ance et ea gees ome g rele , 5 ae feat 

——_ ay om oe Ow, akeh - awe . = = ‘ = —— - 
= — ~ - oe ewe A= - +: - + aw pe eed ne we Je ee h 
_— tow ee = . - a - - ; - e - oe —_— EV Pe Fem Om o 
Bee ee - Sa or 
- -- 27- ~- 2 ~——_ = 


by TEE Tate 


. - ae - = - 
S a= a re = 
= - - ° - -ey- / - “Fee ravss 
ws wayne os Go +o oe ft - on = « wet © mae - « - - =e aoe - 7 irene . 

ated seel= o 5 . ow 1s { - - oe bee: -- ode o- -*-- - +-4- = oS 0. mode 

=a —— ae g 
= “4 owed ee | ms 2 ee — -=}-- -¢-- - - ° : P —- re - 5 ae 

Sse ed ge Ee eee etter ee Spee Reeser ee eee 

= a . Ez cee : = ¥ <e os - wma) ome ef aes oe hee oe fe 
s =. a poe otf nn wm ee oF owe 8 eo 


oe oe - = 
2 b= . 7 - -~e ome 
° = . - -~affe = 


e- ide - ~ te of tee he) — 4 id . 
- ee Be cere § ove taco ay kes 
>. cok a he = 9g He 8 owe -- tt 
wat = ew 2 ae > ane bowed ated meet ta -- 
7 f 
> . ‘ . 
- er —- +: --° - = oot + - 
° « ane - pe —, 
oe Bee ee wart: femme ee 3S 


« 

- - —e. ae “ 
ne 2a pas 

--eed 

a ae 
cat eee 


. peated Sccatag peeenaees ay te 
eee ee Red eee +: 8 ~ eine fo 

(od eee tes an fm dew fe ae 

ee ae eres ee Ee sabe = ee =e me scam eae , = R os 

Oe fea orer se - > -- 7 - e-- wy -.- cS 2- 

-¢ : es o eee « a .- mea 

: aby 2 as we to ‘ =e 

.-° i -- 


epee inn we ere - 

me cs eae Seances 

we. - & er a -<.- 

- a ee ae | : -~--=— [eee 
jan and omij- -€. 

em-d- --—— e+ 


eee -b- 


os aed aig 

mmf et cane . tt eee 
ab tagged eoeefoee : — rte 
be—m—emmie ae me pe ln - . fr Se aeteead 

+p mwme — $+ ‘ = mem td ces i; 

- se 7 


- ee 4 ee ef pew — - a 
ae Ae ee iri tse: <1 
ae 
s 
ot 


dice 


. x 

ee Sl aelamene mend 
Trt ~ wag weal 
i oom geek aes 


ee here 3 a 
ee eee 


wets Se —- . 
ee. + ete . Ete 7 
: Shapes cael cereus gil a pais 


fone 9-4 £ eee eae 
me wee Ft yo ep oe 
i Oe ee ee ee 
me et ee +o = 
eget —— =e 
= Ter ae 8 + te o; 
ig] omtee Poi eeepc + 
-——— + to fertte 
a Fete, ee etew bo ee 


- ee ee a as 
oe _——— ei Seg etree 
2 oo ay +4 ee 
-* 








ete 





Bre eg ye eee aap teen a gee eee 
3 peeypeanes — a Ge Oe owe 


P= yell o— bm pe ee me + oe ew - f 
canes A eceoane Aaya a ra ye Pe ee at ttek on cn Grate ea aan 
a + 4- ~eee 5] ome t yee ~ 0 ome, ome ee: - aa cae eter 


3 oe mtehs 
tee -———+ ps ~ - ° ~— —@e eo M- -- @  & Coe +- a i es 
= ey pean pepe ea - e- 
‘« - 


_— eee ee nh ee he 0 mee oe 


- a Fg a ee ee ee 


—— 
on bene te ep me ee —pe- - 
0 ge eye me o a 
>. 
- ee oe : +e . - Ff we meee aes 
wt ew -- ae ee | oe et o-oo eh nw eo od 
= fs - a a col 


— 
4 


——= 
ee wt =n 27 art omy — ee fo ern ete 
io A a FEL escort Saat “<2 énenecene. 
ae. es ae s ao 
— ‘ —— ee 
~ 
Pde 


title eye me 


Beblge bei ee 


- ee en ees ees adie fy tb 


—— —_ 
— -+e ine ow ptm 4 - pe 
wig bt oe 4 eee ey tare 


sow he — og pre pee 
ponte Pie nas at ob 


Scat -_—t?- a 13 
SN al cae og os | eepeces <ls © ghee ge fw omy 5s 
ee ee ee . ooh - = Oh eee 

Om ys - eis ie. = - -- ‘© 

~e- -¢mbee 6, —- ors +> 

. - - te. esd wm se 

aa! ‘ 4 ‘is 
e 


=~ tad eo o-- - 
- - -~ - 


Ce a ee 2 ane 
5 ete) pf tt emp ne fe ete 
S = ide wee tae § oo = mpm ye Sew = we -- 
aes uN ee etneneaeae tae aie Oa - 
- =r}: - ote 
t4e+y 7.2. weed bay ° 
-_——e oe 
°i- 
we tte wad 
adjJeew sere 


ee 
or4+tt : 
»--U widte dS oa 
—— = 
once _ + 
+ es + Lopes ee 
pea eee aad i 
© . oe-8@ = 
. 


| 


- 
a 


eo 
oo. 
- 


--re- - - - * -24 74 2 - 
= eo - ee eee ee ee 
- ewe tr} woe ‘ 
-7 wm fm fa 8 pie Fit é 
— > 
os «= a= eae. eee ee - o- - eee oe bye ee aie . -_« 
= parent ones fea poe “oem . i ee ° ats < oon a - 
. — eo 5 = toe - . ie - Ope 4 go eet tities +s. S-Te tow Sher) SEALS 290 ee bre a dete : 
= ae - ope ~* hcl a ee aa eee owe od —- Sitis = faite ie eel chatark 4am ow oe A ° oo , eve 
a s — a = v*o = es es -_~ > = —e 4 - = a . ‘ : . = 
=i : ona a chee ote + es fem ye ome of e+ . te « o+—- - - + . ; “4 we po eee 
4 eee Sone de te ee eT Sept ean re z vel aaa = } pa Dacca aad Lanne a ie ei deiaste Lax eae erage 4 o;3- 
aa - se ose . - ve : =e o4 ‘ &- re poe hs st s 
Z ae e 4 ; aoe: eos ee 


aote — Ee © Oreo ee CLES) pmeee 6 ere ere 
Seat et tp am bdeys oe gaeat cee ialecan tee 
re 
Oe le ae -2- “+ 7s Pe we oe ee ee 
- ae - — + - > = fet 
= e r Se owe 
= o-me -- . ews © ed - et ome} o- 


- . _— 
eam 9 ome te dae o =e be Juve + 
+ 47 o— tmnt & nog tae 4d mp eet ewan ——— $+ “> -« wa + eo Be —— - 
os aos peewee be a win) Gee baal Sie r fe : a ssh aa — a 
2 fer oe = eee te 


~e 
a eget = een ae Pt b eee 


~ ‘ . ee - — i 
: . : 
- —e aoe ee ed ee = eee - - ot re eS oe — & — <— -we dl we Oe om we 
e SB aelisvenie ~ fo ade pe tne tt 
woe we bot Fw oe - =e 2 oer 
qt 3 gente = a OE Ae -. 








. . — 
te a 5 = . - - 7. mo} a meee ew tw see we be $e 7 ee wee e bow 6 me eo oes ee 
e ~ , te Ftp a fant ee 2 5 a we bene y= - - eee Boe ee owed gee 
oO bag ye sie: : : ae ele a, es teeter ee 4 28) Meee alee eh ee ee 
t | 


adhe ere ae di te ere ef + - -_ . on Oa te ee eed me ee mt me eee we de owl oe we 
{2 — ae 


eee ps oa ty eee § eed ee - — wx — fie a 4--~ 
5 Tn sae eee i 
SI cond 


*saytzoqoef er "2 SAO 


- - ° ae fe = -——- 
oad a ——T7 om ->) = o =. 
te ewe tows ced Ste ameme-t o- —-~4-} oo be 

oper = ce? rie 


bee | oe 2 pen 


we pe et mrp tg pees ef en pe oe, ’ 7 - ° ny oy 0 wnt et oe 
- - a —t { r 2 $e . 2 athe cig iE 


: t= i ~ 
Bde dtan den we aaa 


—ee ee 2 f oe 


age sies Boel bey 
beets (2a 


se {ote bg ee 


eee 


: aes ear 
+3 7 = 
lie la sete an 


ae -~ 
oh 
oh * 


wena t+ tye re 


Cl... ie 
a” t oe - oP .* - . pape mgt ete eh weet - be 5 og 
+ + ower = -_— ; “ eS - ‘ -e- : ist: yr mee ee > one -2e 
; Sey aa eam es Zen ea = Re Ne ene at ~\) he wipyed Obese tt olen lace 
‘— te -- e4- - . + -—' bs ff. ctaivies! Neer Ba « ==: ae few reer eee eBeia- Jn - 
* Mtn. tan oho . om > - 
+ “ee 
~ e e 
é 


* - 
oe - «+ 

, = - 

. -- . - 

ee eS = : + 
ce = - _ 


- eee - eae - 


. ¢ se fee in ote 
: ite aner ce anes s Saree eae) rae e ene Aen ares St et eee ese ebro _— ee er 
eon - ° ‘ ~- . . @um- -- ~~! - -= es = foe 2. S + «© s . , 
eee < ene = a - i oe maw: + ter em hs congas . +e aoe 
- noe = Pe ern e ae Pe ea a 
- = 3 ais Cans o 4 : 
: - cis : - - 
5 +. re - -+ © ee: . - : 
¢ —_—~ = aan 2. 2m be. o-2-4e - - 


- 7 - ee ala . - as 
- ia S ee fe } . 7 ox i oy “ego e ave . é re = S aa aon 
are: by '- % a - é nN ° he a de ” -— + ot = ~ocerr y ae - 
+ ote eee = os 4 oa - 3 ¢ * a . = en 2 Sees na lor ete tsar pate ] 
eet Pee Gee dno > x G el . > 4 s+ : Ehsobtie -* ects manne bt TET ere pee eee 
co - + 


—_ = rea = ts 
: a ‘ cased 8 ; = +e . ae aa ‘ : : : a 
oleee 6 9-7 ‘ ° : : . ; 5 
a = ott ey mama +e - -B- ‘ 
. e eels ae cy et +7 - ne ‘ are +4 ; 3 e ; +++ 
mae 3 seers epee . aay Sorry 
2 oe — en ” t - ~ - 
tea eee ot, Tsetse 3 3 — te] 
~ : woes ay ode ‘ pee pee * eae te ee - an 4 
oe] e-e0} -4 ae eae fiteee Agee egret eae = the Epler 1 falagee: _- a ae ns] 
Sea > 


© tee -_—~—+ eepes te o be goem 9 oe ne o4 = ‘ = . : 4 
a ole re oe anne i | mis 5 e _~ : : ' rs 
4 : mae . ie , 5 eae ~ 1 
= oe = SoG ieee - ‘ : . ; ¢ ! 
ale et ° . “ 
eae rk te sel neato + pee Lal we mates 
am 4ahoe me dine » 


L.. bdo fp ete pon whded cad -- bn ae fog tod rte 
sire ao tence grt we Fae nei oped cbs ee eee te is 
aaah ae +> » ——_— ten Ce - 

€ be ae he ++ - - 


dowd g 
sme fo ne Ragin (comcast re: 
~ tts - ete * : on 
+4- tmey pi omqtioan— - —— ee de tp pee tase — - 
° $atefaes ee * 23 ned 4 wm - +- -°-— st 
“¢ meme oH we A dae pe fe ee bee Pe 2d oe — oe - * 
- ala sy hares: ans fe ae oe ies pent btw Ft pepe oe Ve atiee: 
S mi pS ee airy ee x = am ° = - - -9 er * -- «= ee ee oe 
eae eta ig tac a tier cere ene . or - ees feat ona + bee 
ee = + —_> 


. 
° © = 5 = ‘ oe =e a FG ; . = 2 . =o}. aie 2 *« 7 eres 

; - . . - - _-s - ce @enw . ~ ? - ry - * 

. - . =o = : i : — —— 

aoaiele oh oe : : ae bemee aes Serene era te ° - ‘ stead S 4 4 =< = : ee be ee - ads 

: e+-e- ir = = - = = ae ber “+ C5 ne - ae - ttre ie ne . Sesame ere etliioe -e an S “pee = ? ae - 7 . : fi te tor g eee a eee fey ee 

j = o-+ : = é s. . : im i . : = . ~ a ee oe 

=i ke -4- = . ieee ee 0 ee ame ee lfesieite re = Piece, Sib cake = 2 7 o- oy eke oa = : - rede . = 

eoeare « he + cum Oe = Se ee to o-— mo ae; Si tiwttmsitan saaies eee ee oma ene - ‘ a ateee > a a ° = 

wee ee neg ome ee do ey nee ne fest oenea ae ol arora eo wo $4 ee wet -e . : r a : 

. - @ teem —~- =: - ~ atone 


25 ce pe ane > 


ore fee oe wee | = 2 ot oe fcc = ee 








come e er th eee to me woe ge —— ene — bee +7 geen (oS betene  *Se rr oe ae mete #- Oe Ot me we Hh tee wets 
« ee tt Se ee Bee at me werd weet a ot be wt Bt wee Od we - — + Hee erg ert spat ee 
sae = eae ee ee 

: i_- “ wetness eka scene 

: = 8 ere ae we a 
eee oe Bm pe et pee nl nw ow == ‘ = ayers x amin ena te et be mee te mt pee ewe oe wee 

a - : epee a e - * “me 7. . me wwe we Oh oe es ewe GH we ol - Tr 2et~e Cs mw - ewe - 
- © - tte rp tater ees we Ft eb meme Bo ee 
= ~ b owe- & =“ - - “s . - 


~_e—me- were -7@ —-. = 


eye ee eae 2 Be We oe wee 

° 

- game ce 9 eos atest: a dpny — ogo 
ee ee ets Ok arene rent 


te —wersdowg 


- i de letetemndie amnentinel Hoamde? 


we ee re J me oe ey a th fee 


a 44 


ifr i 
: Se 





ae 2 ¢ 

a i ere . ef 
SOEs ON ere Soe oe be 4 ow owe | te 0 
teh oom a, > e-e @ hwnd 0 etree 4s oo pee - mre 


; - 
. -e@ 
> oa tet ew we | wee oe - = a 4 ie é . o~ an ane =p aoe 
> = 74 « a - —— . . - “ « tt eo pe ge te - 
t= — Pe ome he ol = e ; ai Re co a - e , — tod dt cabs L op 
th a1 +i: - - - of --. -3- bb meee 7-e - - +. @ Ob cede : 5 . = ‘ 5 « as 60 Fete ay 
~ . 7° ° - . - -* : 
a rte qe Gees -_e ce. . oes ° : a. oes o- epee eh te tae - . — ; + — . -b et ie 
= bas — ° —- . ~oey en8 — 2 - e . - -++¢ oo . ar _ = . - L = - - oe tye 
-t- ae ee ee ee 4 -* < Ae tee ca . — dee = - ° e u - ; * . Tet : 
© bo anh eat beneaes a eo ° . ‘eee . : L - } ‘ ° cae a ore 1 4 = fe at 
oe oe o — ate feta emmy § eee og te ab ~ °4 + e- * + = * 
t ++ at ah = ee - yp: . —- ke ae ~ me ps 
+t te~ —7+4 =e : ot ones . . r 
eels i . 


- ad Rees 


—_ —— > 
te 2 
- -a - ° « 
4 == Om ot ft oe --- 
. Se oe 8 ee oe 
- - - mm -—- .wje-.- 
=~ tab eee -2 - 
- eae. ° oad sae 
- - -- = 


iZ 


Le 


ee oven Ro 
4 = 
- --*4 owe BS | e- ‘ — ---¢ a owe = sae - . -7e- -ecee ee were bee er ee 
- “—- |eg-, Sc ee. =e ae e ° \° — e Se aa wel ene: = t ome e- —-.- foe eae Sane - 
tao. > ef or Go: -- 4 oer ste 7 - - to am 4 ~-$er-dt - eo +7 f- 44 f-: : : ied mrp wea s 
-* 7 | . -efre es - -- ». - - a = 2 - e-- os « @ e-<« ++ -— .- . - ° ‘ ° - in . -- - - - 
: pee eee pazie Sepa f : fe ees 3 : . ; : 
arene tee} nee pom ee 4 be : e+ eee - - : + =f - - ~bws =4 
: = eee - -e- + @ Fiwe-.- °, - eo es ee eo - 
. - $ : eis -8) sie =e eee 


tr - =< 

er) mew —- 

- ee eae —-2)¢ 
ne -g- -- 


et we eet fir fe ed eee Fe = 


+ ede yee -- 


ea eedgden se fe io : aie eke Re 
+ ape t pind et bee emo. 
« > str~ prt btnbpe-gm 
 aetiendiiantl 
be cad at} 4 
notte 
* bee oe 
oe A 2peih aye 
-—-—_ 
| es piu - ae 
ot ey eee peepee ¢ . 
Tt Tote ed ~_— wote 
, — nd Soe eres ee i peelgs ° rt 
Sep kde aoe + weit od Fs]: 
<6 - — ~~ — ty eee pe weet i tee et ‘etal emqetenh 
a = -i5 Adee dee te ~—. - oo 
o- es - at e- : at aaa : 4 


os * 


¢ t 
7 err 


~— +. 


: ee ed ed bee ee fee oy me - 
woe toes : = 


ee ~Eks wt eee ee. 
+ 


- on © ee 
. : = ’ 1 = =; d . a 
oJ - -- =." : -+ -—> me + ~s - * _—e 
-- +> abeente beet . ie sg ecanl Shee 
z; o- tw? Soe . edn a 4 <4 ‘ @ bee 2 en ive ° < fo > 4 : 7 +-t- 
5 ce ater} - - ey a : A tse opi - te : . i = eee eee ‘ic : : « : - . ot a --Je4 
= S ope rete . : 5 
- @. at sb) > + . 4 ° w-Le, - <4 
z Pb wenn fay ne : : ; 4 : : . 
° ry + 


— ° pew 4-4 | -—44 
- - . a }-- . trejae -< yt 
~_ { + ee pee bee oo. tay - - 2 
met - waterbed nee e7 <= : 


t- - a - yo ees - e- = : 

_- ‘ --. . - - ad mens ° - + 

{Fee i. wm bk we 8 o> ~ - : ot 

mown GP i we a | see} : 

: . . = ate! a ic 4 = 

3{-— 


- 4 - 
et teleyee ee oe) 


ei eee 
Ve of oomtee | ond — —1 wed --<« 
Tete eter: éte} ow Megeets ee eee 713 
a ee —» y+ abe = wale — + 
es eee - am 4 a aad pay Oe + ~——+e oe $e 
_ ee - eee - $s - _ 
a -—~ write? r= = o- : w= ie 
ee ~-43 4 =_ obeys 
4 + — 2 oe og t 1- — beet 4am - 
re eee ope ome = ° 
. a etree - . - o-pee . .- . erties sd wr wowed . gee, 
, . - . toe - --* . « - ee eh ee 4 eg fe deep 
-1y ° od on -+4 . - + - - ot pte _- See 
pee lee eee ee Pe ee eet tie Eee eee aes 
— ° . - . : - = 
sr eed oe Bmw ee med Ce onind « ~< oo a 3 e . A - 
Sasser ol oe fa) taser gamma einer wd ee J ae ee a nd hes te F - ed ane 
= Gaerne: me a octet 2 6 me twee 
wee fee eet ae he et we es ee aie Poe. ——f.. 





‘ace Be hermas we pt en 
= $ eede we fee oe we - oe 


a 


= 





Sieh co wa ertan Voce tae tea 
Tht ee a pe ee ae 


aca ar ayrer- tees ee -- 


Sl sawed as om 4 a 
Leeda pees 


. 
ee ee 


mee pp mt bee ee ee pe Howe an tee 
- ee co oe gee ee hee ere Fe tee ee oe oe 7 


$i a -d opt wet ae tees . 
-ee- Pratltrolg nea ss - 


nef + ° ————— 
- Hf th boy. 
E mow mbprbh gn dr ny nee 


— 6 ey me ee. 


- 
: : 
Pacem Si cer eae ene 
os em - re oe | 
- —e of ew om . = +) 
- peo: aches ene ue mers 
4 é 
@— «me e- 2.0 . @sse - -~@- 
e . - - --4- os - : 


cme - ge - $- woete me sik = = < tr-7= bem fe me of eee - pe ede 
- = bee. eee ee =f = + oe —~+ __ nsec tei lice epi-s mee mye 
2 --0- 5 me ee ee ee ee 
. 2 Oe fe pe bee fp dame ine 7+ 
: men : £ CS. hae 
. —- 4 . = - ¢ « : 2 mia ¢ e- 5 ° too 4 fu am fe eee . = 
eo we te ‘ : Sees es - 2. weg wpe be 5 
_ a 4 ae pe pop hee - : ° eae a rales eres ae 4 HPs oH te Ob pee ft tte e 
. to — tee oe ames © ° S tte Tre te R + eee we = O—ee. =- > wh ce es Or oe > oh ee a ee ewe | ow eth ee 
- oe Oe - - 
Se ee od we Hp. ney re en pe ome me wee oye wed we pow tte rept de et, 2. * : gaueal es ieee ‘ae Pie ae NG a ss ae - 
dere td bee b we-w gepe gy efe wes ae oa fees te eet - = tw edd bee see Ler fag 3 i Shecs) ie his . : wm ge} certs 
i -h=te te: ‘fie. see pee ce fe ome pe ye Siseptong Wiican: +. fee ; . => oS ; Z oes ° A a ah mie es . . 
ee oo or i- o¢ oe - = - 2 so ae : “i : a= etleee ae é - ie 2 he ; . aiee . 
: I eer ° 3 pee : re . : ‘ ‘ , 
* ' 


- ty ei ‘ 


pee cewom ee fe 


Bonk pe! 
Ces 
> wg te - 
etre stigs 
3 <-> - - e4ie 7 
rat pote 4 . > - . - * x - “ 4 ‘ ¢ ~ = tot beet fe e+ - ‘ - “tt: ne + : ‘ “77 . a = 
—! cance + : j . , > ‘ bab we pete doe : m - . , - . : oh meng ale ae 
vt te ATS ‘ ‘ ‘ —4 “ ’ : at : teeth fl Z terepieret anery= elie & ; : rt ‘ aS - 
s i ti 2s = ve “Te . * - 4: - ~~ tir taeda mete - = : ~ ; = bah Piles “ ae “ 
Se fepe east a ps a : : . : pt ei in aa : - “4 
7 % 7 t . vor . rT, - - -e. = \erhie gee See f : £ ——— ~~ ety oe ba oe a 
tee =e : : : pm ny ts oh : ; Tage epost Piet = cae feta play pte. be slap Hee Re dpe Hos. 
A : - : o- a6 s «fre o-0 = . - +. - — j-$ -paee — 1+ : 
rit maloces ’ wi neste bik coc fes4 osat Bbige biNigewas 


> - * . - I ° ° 
i+ et ° : 4 ° . a Pe a iz : e : -¢ - ~4- eet a pmb 
ehats yey tee monet $ ob ame _ 7 


ae OE aoe e 
oot posit + ee e+ b— 9 = 
- + be ope bee 
oe oat Fo t= . 
3 aot: 
—_ 


wwe ed wet el § tae ——" 
> a+ mies epee ape tweet - anf) 
> ae oe = © abe ~- Pye ee lea ere ben me ne 


rm ~~ -+-+ Ot 
— set 
sae 

aoe eer te 


aglaw fe. —- peewee f—en tte emt + L 


bf t-te we fo ate esti ced bared ad 
. — . - ita ae 
vi Stas aren penne int > 


- ~ ow de mow-ee oe 
Tp oye 6 bee oy mee foi 0 oe be 
- rea Ss Seen iistpat et 4 de pe us ae 
aantiatrah <i: gaan Cig w te hiane o ts $e: ee oa aonb : me weg 
Seg hd ee - Be Doe se oeaeceaa rn 3 eet aes rey 
wanes fe me meg eed be Hees Fe 9 ee * + bee Le * 
ee be ped dagen fee fae es i - a~bre wwe ls. 
-—- eae ~ - ——— pene 


w= bw - 


. . °- — eo - e a * i” e oo ee ae - - _ =e? - * . °- -¢ > + . 
oie Becwinasl diese, $i = e Sees . me eae : ; ‘a = Hoo ote Ewen +o ae poe 
ome e- —-+ ee ee ee 5 ui - e S * 2 £ ° - + ee et 
7 o fot. Se eee ea oon: - - i. - -+0-4 me 2 ao-4 ¢ - . - = = > 
2 we pet - 2 . : ; t . 
see ey ee a men any - te ae 
ooo 


— | oe ae gee ee § wy oc de Oe 





aes 


+ oe ~ 
9 eon -$eae 





7S eae Dialethatateallsh SSE SS ee 
SSeS eee 


| le ena San Tee + ’ —— deb te ' 
+ dee dpa we we fet i te —oe Is — ah fe ee dee ht 
oe es ee pe - 
sar + gege~eerys ee ede oe a 


sh 
a2 = Te mt ee 2 eh Sas Neo ee teal - 
steps SUT IE bs ceuenneaye te peeetcneees f 
Nien ei indtatene tm e x Sot css es  * 1 =e eee pale me YO Satie e d d & ey a 
Ses ge oe en. «| SAIOA [°OT JO andut deqs ve xzoz Azoj0af[ e213 SA goimecet ope Eas 
See eee ee totes] - Tene Sg eae oar eat eats = 
sdeeqe— | +: 422 244 = See ~—es be - : pete soe Sue HS 
-4¢ -— Pcie ee 4-4 - “~~ ‘ er — 
= a mq 
a 


PEL-III qanolTI 





— te Sans 
22 eee 


ce oo 


x -_--+ ——s 
- e 
rt aap eine 
H 
itafefarmreatata}ota| + 
Ey pects Pag 
Potty yas qets | un 
7 ’ - ar 
— te — ~o-4. + > 
ee Soe Sy eee ae 
— 4 mS es = . soe 
i 2 So eh a = at * - - ++ 
- } 
a : 


TT 
SeARKH 


Ha 
4 


: 


a 
yas 
eye) 


dal 


a : Pees Sit = figeat Hy ao 
Poo sae 
eS ase a fn Satieiaat 
: pee 
Sy 


— 
a 
++ 
444 

e3, 
4- rt ater catTh 4 we 
Beene 


+ 


+ 
+ 
+ 


ae 


ol 
oe 
- 


aFre 


iv me | ; 


5 
7 ee 
a 
7 =~ 


| iden 
= 6 


and 


- ae 


bees 
af 


e 
— 
e ° 


— 
. e 


4 5 es 





¥ 


rife 


170g veep es 


fr 


a 
= 
/ 


a OS ee 
al 

=a 

‘ 

4 





ees 
a ‘ 
{ B 


Control system time responses. 


oa op = 
‘ , ° % 
' t 
' ‘ , , 
! ' 


-13b 


gure IIT 


=F Fi 
ae 








‘ 
5 ° t 
i Di Meanie aces aS ‘ 
Se oa : 
: i ee 
e 4 es 
a 5 = 
: = 
aR 


ds) |_| 


{ 
{ 


TIME 
_ CS econ 
Ff} 


= - 
. 





eer ttt To Se en een ele 
“SQIOA Z°OT JO anduy daqs e& azoxy AXOQoef e123 





iii ase. EouSs eden sauEe recs ee plaetoe 
ge g ‘%1-1Il santa © - 


ay 

had 

Ses 

oes 
pee a a 

- io Sa ee (ina ap race 


a iiey Ex. 

- 4-4 — <prsta=! - 
ke ae. 3 

= ~- - _- -_— - + - 


te aS + eth ees 
Saree +h aes eae 


SPE es 
Seceapeens snare 


‘ eee eae 


set : 3 phe Po dots | 
: oe pre foo 


pot 
= PEE 
eae 
: 
zz oT 
po fy \ ato 
‘ a Z S : 
aaa wneud ~ 4 Yt ; + 4 
tes . es aia 42. , . - ’ 
eae OF : 
ae = a tow ee + _ -. 
Esai ree Ss: aps: ere ep eet | . 
eeticrer eee Ti aot aan ee amas 3 

os x roe cat ae fig $e fre 1 = + 
— « — ~ 

epee ieaa tesa) pale] 
. qs aa 
: Po eBBae Genes ua3e3 
ag ~t -~ . - 7 - 4 - 
lh lw a ee Hee ~~ -g— - 
4 ~- ~_ eat -— 
4 ort pS 


_ . 


Ha +t its y 
Pe s Saran elie coee 


+ tg he 


— et 


7 
te 


[ec ee page 
HH 
might how! eos eee 
— 
al ~ ee 





ee pea 


as-= aa 


a ee BS - 
joe ae _ 
_— en 


_— 





oe td as rcs pacer Deon! Deda ara Rak ee brett . Posty tet Fa Bree 


ee some ay “SQ OA Z°OL JO andut daqs e azoxy AroQo.aef eazy o- ‘I - It 3an3q 4 Se tea eed 














L4hy ‘ 

oo bp Ble der 
al ’ 
4 2 - 
oi + 
ue L 7 
<D 
es 





geese pt 


Se 








ae ee He 
tie: rr Gat ioey: ro pee ret rt 
, == me = “Pa 4 

De eee Shs eeeeens 








aS ol oe 


rane teens 

pete ea oe 
Sere See acts ae Be 

=e Hote = ri} ee ee 




















sale eae eS 
SHEE ete a. eta 














bi — pe a] See ag maf ep 
eH eH 

or bot—frris fiw | BE 

eran 3 HH oon 














Et Bg 
Benes reyes reese 


Sate TREY a 





F 
HH 








i 
i 


SoH 
pf 





vy * 
ey Te r fotaeloea 
i- —- : +. a % 
b —r- . 
. oot p2iay 
reo 1 be ae pees ae] 
mel #3 
ote! Lele +4 es a wa 
ety Si: = 
fee ee Se gee Rago eR OE 
lorcet het atop lc Ope cream epi osaaal 
bee ee ey 
Ser fap aacqasetepolenmreges 
Poa Ss Tospad ego 


negra 
pre Fataten 
sesaee feat SESS arn eo 
Bie tee peat eer oo tet eae pra Crh pote erste pers eee 


Se ey ed ed 


E 





op 





a) 


4 


CO rity “in 


Me te ony magn 


vteady state between each su-cessive step input 


the ofisuc 


ltdde desired, 


« t 6 
yo'h ot the tests deseribot chove, the 0 ..9 Dias: 
mye oie rer Slo le Beers ACT Os) WAS fqaa!i to 
= CEtS Ficures L1f-15a through Lod show the re- 


it is concluded that, siven any value of © 10), 
6 4*@ 
/ usd in the O vs @ phase plane if a 


or ere arakwa through the anpreximvate center of ¢ain such 
a@ 4 
i , ae - 4 ae aby a . >: ‘ 4 ; f g 1 : 7 
$cn, relotion hin betveen coy 6 and SB.) wich c.sult un 
| Ge ae SP tc as’ 
&@ » 
—_ <5 6 _ ' es 
a 
8 “OP RU Me Gio cted for the times cf 8.0) 
s 
4 s % : : ; . 4, 
: savrider relbar-:eomehin between Oy and 
se bationshin is 
6 
te : iS mens 0.» 
= ' ~~ me ibe 
; ¥ * 3 o% ¢7 we Nth gv a a are | 4 ra yt 1 £ 2 ¥ 4 ita 7s 
Es aa. PAL ici as (ee prived AM Carino ‘ C49), tigre c 
me ve Chane tocoMy, any of toe prezvediice Lormauige, or the 
raed. °s method 
eis fed lor this syster, it would have tne shape 
fe: Pe) UWhaet: wes ebtained from the near 
te Goo ran OL tisjurve PPT- lib When this limait cycle 
slane af producss a line shown as the iamit 
ire ete Since 2. fimit cycle imelies 4 damping 
ro, it 4-neares that Wa @erective galuc of . Lie ah 6 
oy two olag.s on the M - RB. plane - one at the lamit 
eee. ENS Seay rity curve eee LU 





- 


- 
academe acces epee ates eeceerel OpORRpG aes scene accor 


7 ot a NaCI: — a oS ve 
= wat > 


7 : eek * #0422 


~"S3[OA QZ+ JO sparse [eT3}uyT u 


Peo eg 

Hatt: 
ie + 

Pit 

: ro 

~ ame Pte += -— =o ft 


SMe ea hfe Bey 


i a gat pt twee ogee 
to. cate ep a4: 


ae beh op ee 


. ‘ real pec a See 
epoigeeenre Tale) ae T+ 
ase toot ete + UT pebeaed sone Sa 9 rt 
Hotty 2 
an Pte 
ST Tees Sr ett 


SS oto 


hae 
t oe * rte 
——or 


fs 


oa 
rete 


3 oy ey 
Sree eeepc eee oa fh 


Sas sanee Ht ee eg Loe) posta sit Sate a 


rege efectte tease 
Poet ae Se ee 
Pt tf 1 


rot Lb > eat] ue WS: + a = 
0 0 2s ~— : Saeed 
eee =e L seek wy Ps eit is i it Te} oretrr st 


ae 5 


3 Sf: ! 
Sie PP +i {J 
ei 2h yt pe shy oo oy 


—_—ee est ges 


aren oor tater stat eee. 
> ra e- ~ 2 


aia HcNee TS : 


Hy ee 


es ipee Pika + 
- 


Lt — 
eee 2 isa 74 - 


Es Treetah: = 
uae ser 


- rt - ° = " 
el — — > Y ee 

wae Sen te de = 

fete caeiens ie — tz eens 


So ERS 








sate 
oth 


= eS oe Prt Poe 
- hi +) eee = 
the Poa 4 + eed > = 
eee aha ttl aa dt 
re pete ary Ato 
4-4 en eepanped 
ee poryot 5 


ey 
bennett 
ehh’ wey ote] 
T Vike tf Be z 


- 
Mu Saueneneneba 
» 


ay ttt a 

Poa ECHR EER 
po cr Pa ea + 
oti Of 


coe et oP pede yeti tetera +t: 


—_ —— — 


a Tae oe ——on 
as 


sh 


* ; jx > - = 
Lj om ee ie “ - - = 
‘ = a La = os Ee 
“ ‘ * rig es + SP Bi ; 
° r* 7 + “TT += = ‘ 
a ' 
. bone +++ 4-- a 
—— - , ~-- + —— 
«- "6-4 ‘ : > 7 . _- 
+ - 4 - aa 
; ’ - zoo 
om ’ 76 sos pei rots : 
- saat —-> — ~ 
aoe J hh geen 
i pa sca 


1 $e 
Rie el eS) ) =] 


~~ A ew Tal , ts ; T etd = Z ’ 7 3 
| ended : >} : te A - oa ane : 


eet Se 


e abewe~ se 


— 


Ssbsas 


: A 


ee Pg TC ey Ae 

. mt ty tte de aa aS oe 
. ae hist t rs 
ite ai 
a= 4j LP fT ? 


~~ _ 


Se — tw 
me --7- 


Moa of 
1 ’ a r - + 7 

ap a 
dee 


ei asc 
eet 


+t 


uses 


- et 
o § ot 
eee ty = pnd ent an te ee 


ef wide te i 7-1 - 


Heh? a: 


a ee pers “= ti* 4 


t+o++ ye 


ae — ee ke ay ~ ad 
a ++ 
Seq - 











SST ed Te 
napa S$ OA Ot JO QuemsoeTdstTp [ByITUT uw AOJ SATWT]T AITTTGeIS pue Satiojoefeay QsA OG 
watt 52s bOmbety 2 ie tj oo ee 


OST-IIt wand 


crooreuree 
SE a 


| 


Seann 


if 


HA 
fi 


- - . ~ 3 
+ - c ———} = 
= “= ~ + is rt 
aa poe 
ns oi re BF some =e — Sst igahoeertelolesny ate beatspoq) 
= } ’ : felalacetst eral a ceopeie anne 
ca = oe ee : 4x peed s 
. Po re : | = is a s 
eee a ee yee — ; eee 
ares ae, oe ] 
+ -+~—+ + te 


eee ee a 

; . on Ae 
b+ ay ae ES LSE At ro 
sens? isms HoT aa ro Fs a ae Sie Sennen nt paseece tt = 9 tity 


Paes aoe 
See — 
ep cep meta 


F007 Soe OB: aes DOR 


po 


oo 


s 





60 


= 





ee 








= 





Si: sss ee ee ee 
- — 4 } +t ond 
‘ id 


[ered Ogee eek a geg em tea ae oS ee 


AOJ SITWIT AIT[}qQeas pue ee Oseete oo 





gee tata Se Sah 


ts + 
ae te 








Soest ees 
3 Spek Sp 
= Hasina fantae reese set fay a Hester ttt 











PH cote SRS ILE pp eres 
a mt. 
fi Sage Oe ee [oS son en a fea eg a Noe ee LE] 





abcde Bageins eee ot toeal Pear w nga) Ae cl V ea penera Ora outa iement oy 

auto a eee ee ages, po ace L papel eparaly a Re 
ee Mette eee seteyoyees beeen] suanseus paeve 

: cy N sane i pt) cele na al meaqesat | tt 

EJ fe imteatole co ctuferara ata 





.. ae “* 7. 
7 Stat 
~~. z 7 - 
: ee Li. a 
> s+ + -44- 4 
: iz 2 siareseresgraes cere, Z 
et oe! ge- 
- -— * edn . 
. s~ 44 _ ‘ a] -+44-4¢—<@ 
‘ te-g Ste soar ae 
ri 
, - -é« “—- 
+ . 


pecgbectt Sescereses 





















Se rH Pet perme e | PSPS R Se 
pes rah epe eseere olga wi | Pt kd pte Ee oo Snes es te sisszots 
ae seid te Ese So Sat eres 








Saints lade pg gee re ss pt pe | 
ee 244 cea gsr een opeg cepa) 











e a otip 


Hi 
i 
H 


i 
i 
rE 


it 
i 





=i dH p4tae 
FAM rt 
= & it + 
cael atest 
ab cow oe 7 OR enes 


-* - ot eet 


if 
ti 





3 
a 








_ 
hy 

rt. 

t 





ae t 
= —4 4 + ee te Hy ~~ + 
, ° + - : 
+ . 4. + 
, 
soide 4 Totty falopesny oe ap fatal 
“* 7) pabtouns secon 









ace 
es ali 
+- - 


ft 








_ 
ae ond + odo 


= 
_— 
~ 
+ 


Se meeet 
age 
- -_—~ > 
7 ee é 
~~ e 
+ 
7 
44 
iy 


= a rides a ‘=a 





2/84 





yrit 


Sess 2 
4 
- -_~ a oe 
: eel tane 
>. 
ay ca pecaapas 
Seas. tt 
4 - 


13 fo45 ee 


ae we 


_—7 
++ +4 > et 
Seo 

tsi Beret 7 


-— + ++ 





qa 


A whenhinp Stas! ics aH 


-+> eee 





re jt tented ae! Re a are ede ele oa saeco La] 









Soest Saas 7 





2 OSSD — evss 
oA 





eet are i” 


















Sees ss oi ae 
“J a3 


n 
+h 


&y 





(* te + lee . 
7 oe 


}3 





Te aa tt 4 Po ered Pion. sts octet ae 
SE eH Eee od Sate a 2 





HESS ES Hea = seuetd fg ~ Vg ay} uo aAIND AQTTTqeIs pue SNOT BTIAD ATWTIT “/T-III ean3tg Fete 
ae 


wy eps ee + Hs - +) - 
; ib oe = 


aaah jt w= ee To} 4 FSS be 
ares ere ~-+ipey- Se ; a : =F ; af =. se eee eee ae ee | | Lj : nei ee 1“ GhEowS. , 
ae j = gees oan ; + aes " a0e + ~ ae : — pp pe gp me lal +--+ : t we ear] pid i 7 . ’ 
we — wt oi - - 7 2-4 ho 2 ee ep tnt i. & + ‘ ~ eH . t 2- — - a— Fs —t— te - ~- ‘ s — es 
be aeer a Dee hs ya et f t= Tie Lee os | eet 6 da iat aes ge agi ears : : oo 
_ i - el me + : : , 
_ Sip ; awe - 3 ¢ a : 4 








. en ap — we by] ee 
+ = bey a i bam we Saeene —t<- + ea o - puke } - +- -$<- 
t E = . % 


997 992) 15. 





oe ot 








e- . 7 
° (Glee 
os ~~ “+ ee fas 
Seest cesse Ja pe 
eet 


+ r = +. = ’ + of. +3 - - . 
: > = {+1 ee ' : : : +++ t ' t~4 ‘ : + + J4- +4 “415 - cone dpe ‘ a 
- * - a 
; “pot Peed eet! de ; 2 = a : eo eee ee ee 
ete Soo Peet i cr pepe = hee tt ao z : bebe e+ wa boa. tie ry ws 
: Dad. og tty -~ at +. b. + ‘ = ae u 
1 1 l i ~ 
* a 7° ’ * 
ee a 7 ss, Wheelin é : i a ; —— } 
> : a iH ; 





Pa a eo tea es gag seenas 


EUS degen psinet is parapet epee eee 








pH eH oe eee gir | Bey aoe 











, s 4 i} oe : = eee tye 
a metatalettet sot t ietets) eeetas] arm = ee ae Sean. o—. be oy Soe 9) = 
“Tt ane ee:taeeeea por Potties oe seene. <U ; =o ’ tas tert cla 
[ roa elolalol as i ie i rTy 
coe] id efor b apse cfcrayee fetefaatsiees| (cpisioat Stores ype” poscrerees thei } a¢ Ee Ys pao eg eae ee 

















- Poor ee tar 
iat tl ete = ete ee oy at 4 Gee en ae 4a 
Se Pe ae SSS eae po Bescon Soop 
r +i oa titce oon — RH better ee ta See eet ac eee eae ae Sasen --4 

Bees : ro oe tH Er s AH ae + Po ++ ‘3 i tJ 4444 
Rape ee eo eee : AH 
ete ee HH Et Shane fepee 

efotetatat atetass] ett a ——t Patt +t 5444 

Boose Hs erttrith ete tt ; ae 
it ete Pet ate tt oa sauee wees 

pia epee] Eee ete fulateran goa , Ht td 
Sosa eersres| Fatatata tat seme] He | — fey ty 
[Smelt ai) ; 
SS iene zi = peste a . ae 7 ee oH 
= Sap Fy ! ci 


pe ot ee St ae 
pe ft Hit er = a iE re T= 


> ' -: “"-- . | t+ 
- , t r 
: = + ns ies “ar eat et _4 =r > art - ~ . “+ : me = + — 
~ oa Lames +t 4 oe 4 te a tee ee : a = - 4 = st i = é ia (al 
See ay oe a + — te > * - . os 4 + - = 4 = ae a sa ed 
Eo ees po ARES 5 as : tao: ee : StH 
i = : ro r 4 t 
1 r . 4 
4 1 2 at ; 
| 5 
aoa : r ‘ 
- vad a + 1 - 
, F 
ea et Te cong eng = Piet e+ re See atHity ' ~ . 4: : ' ** = “ : - fine - hota ’ xe a pet 
’ - — — 2.2 + 4 “ —— — . ¢ 7 = ’ att . ; re Peed ag 
ies a eee era : > t ange 2h Bes a 
- , ee - tenant i ht sites : eo 4 + ~ . eee Hl $f ty et ty BH @ - - + Tas et 
. ro 1 = ‘ - ‘ + . : — ce a . 
- ~ ewe + bee * et ~ — of + «sm a 
- -_i— , ’ : 


teen oad > 
“poe eS foaled sis f+ fy ee tet 
> aarwe gs hh md ee f a —. Saad 
{ tt 7 esate Ea ae ; : ’ : et. } ; 
teh oo Sales clea) en 7 hat - aed > aoe rt 4 —-— ee 
aca ees = erp et 
io 
eager all eSaea 3 ieieale ele rt = 





aces 
Bates cee tein eae ai Hitt oat 
Seats ed mieten dortanentsr fecal. p= SOIO 


fe, Tebunal 
2 
= f 
ate ceenen Coty rir ah [cabmeaehae yi ie ae - 
w a fet alavewlalealatar sommiel ’ : 


po sees eee 


- 
+ 
+ | ri? 
4 
LJ il ped ls ‘ 


Sie PHBE esse ot fie 
ue a. : eth + SLi. 
sasnafeneespais tie 





































acs tt sa Ppeopelate.age La) aye fa] a oo een sp ngag epee otoregey meso) oy] (eaiaratnt alae miata) rT. leh iestepo [spas lec poiepaion foley ++ 4+ wr 

cpleti pes agree dpe ere eee eee Pb a ye ssaszetes: 
at be ret bent + - 5 —— Eee reed retarted et aed eee : Peet tH tt 

r : : ; zits atl H+ susan tits Sosenepepesuse ttt tte tet rtd > Pepe Po pt 
7 (So pre SB a et Ho 
poly Sool sans PS ooo so nsepeuseense HoT ences pt ro tts Hi 
F Tae Sti htt ttt tet poo aot. ee sense cvassescsan Peer eet Teer h 
£ er pe . i) ere => | oe fala, e) eo cys \w aga] oem) oso) eral poo pot Topo pogian osm ey ar) eh Ieee nie papa a ; al ; ca : eee ett 
peat See ; ee a =I ahenabe BSEST FD08 eee tee felrepapera nea agreed ates) a pote ager aes + pa jeutalay a9 i reerey pe presen Of : “1 T ttt ts 
y i : ie eto ea) e| [G-apatabmineo alesse] arayegencl] a efcipe hn {ol sbe tated agi palo) Sen: ares » =v} = AHH rj 
ey ; Teh ste ete ere et Cee ee tt ps j | SAa | 1 Tay —wuispen sece asi 

ee +4 ie naar ee Ht BG inayeeyey jj ‘s Patt [Seopa oga =| is a, tod T aN ; aa "i . 17 
ue aa ae Vast Cm - See alenla]spufuiapetn lata] spojafa | sees Ho ue eee eee eae. SL RS ae, ee a ee? ety uae [atetel pee s 
eae gates Se rae Ra ft ee Loe —-- tJ a Sh Gab j 1: ~ asee vow ee a2 iat fae sy ea ted ice 2) 
att iit Tareas oe fefoteyeralay a Pott TunneeuneeS [eapetaparela) at lafjoyeeat is ae Ts 7 fe rene ee : sect bette tt 
Hite Sere = Se tee 4 ete ags pte Se eal ers a eT ae Si ae es eae Esso cen ra ri n 
‘sdteees Spee At SE See eee eee ete eee ee peat yy 
Ase Fs ao] cents. ae, elle : t7 97 ; ¢ ’ ii St tt | 

it ERS La ~ pi - j Bae ; 
pegs . ee ee +> +444 os = ‘ the HH H 
ot) ee “se 





Ne 
90 
H 

a 








+ 


~ =e Sead we ole 
8 pee eee 


+ + 






fe 





HH 


wi! 
—«E 
sous 








are chosen to place the linear M-noint on the stability curve, an un- 
stable limit cycle results. An example of this type of run is shown in 
Fie, {11-18 for the corresponding point from Fig. III-17. 


Incromsine che geedback gains K and Ke should widen the stable 
€ 
e 


revjon af the a vs 6 phase plane since the M-point would spend a long- 
er neriod of time in the stable region of the By - Bo plane. Converse- 
ly, redecins the feedback gain: should reduce the stable region. These 
two nredictions were found to be true. Figure IJ1I-19 shows an unstable 
Uhre ts when. FE is reduced to 0.13 whereas, with K. = 1.0, the 
stertine -eint was in the steble region. Figure TII-20 shows two stable 
runs vhen ? ond KE are increased to 10. Both of these runs were un- 


¢ 


steble with unity feedback gains. 


COMETS LONE, 
Ie is concluded that en accurate prediction of system performance 
cannat he mcde using Mitrovic's method in conjunction with algebraic and 
erephical methods when tvo coefficients contain non-linear factors. From 
the investiestions undertaken by this author, it appears that isocline 
theary br «tself would provide the most accurate methed of prediction. 
Nowover, the use cf isocline theory would require a large number of 
iseeline niets, with accuracy being proportional to the number employed. 
A 


An analysis would proceed in the following manner, giver the initial 


conditions at the starting point. Using the following relationship, 
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and the values of 6) : ©,» and Oo, from a short trajectory, compute At. 
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This process would be repeated umtil the trajectory citn: 
cones unstable. The isocline theory developed here wewld nce 


ceble to systems with characteristic equations cf higher 
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third order equetiar ter this system. 


It is also concluced that the best means 
system with two non-linearities is by analog or digital! 


Unfortunately, computer methods can 


but not the more important question of why. 
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CHAPTER IV 
MITROVIC'S METHOD APPLIED TO THE STABLE CONTROL SYSTEM 
In Chapter IIY, the control system was studied to ascertain stability 
characteristics of the control system when the gain was high ersugh to 
cause the uncompensated system to be inherently unstable. By reducing the 
gain, the system can be made inherently stable. From Eq. (i1il-5), which 


is repeated here as Eq. (IV-1), the parametric equation for stability iss 


BB. = K, (IV-1) 


which may be rewritten as 


(2 + KN KG + KNLK,) = K. (1V-2) 


1 
When Ko and K. are zero, the maximum value which k may have fer a stable 
system is six, which is found from Eq. (IV-2). The characterisite equa- 


tion for the system becomes 


so 4 BS" + BS + 6 = 0 (xv -3) 


The solution of Eq. (I1V-3) with the appropriate B “5. Mitrevic equation 


1 


pair from Appendix B gives the desired parametric equations for the Bi 


B, plane: 
Ses 
By =@Q@ + 6(2 § ) 
On 
(iV-4) 

B, = S + (2 F ©), 
G) 
n 





The graphical solutions to Eqs. (IV-4) are shown in Fig. IV-1. Sine B, 
cannot be less than two and B cannot be less than three, the corres- 
ponding areas are ruled out in Fig. IV-1. Thus, the M-point must always be 
in the stable region and the control system is inherentiy stable. No dual- 
ism of the zeta equals zero line could be found by warying either initial 
conditions or the size of the step input. 

it is desirable to predict an average M-point motion on the “7B, plane. 
If such a prediction were possible, system performance could be accurately 
described. Two approaches to the prediction problem were attempted. The 
first approach was a linear approximation to a step input responses. The 


second approach was to analyze the results of many runs to ascertain if 


some definite “pattern' of performance could be determined. 


LINEAR APPROXIMATION METHOD. 

The procedure in this method was to choose a step input for the system 
and a starting M-point. It wes assumed throughout that the system could be 
regarded as a second order system and, therefore, that the values of zeta 
and natural frequency, W, would govern system performance. 

The step input size was chosen as ten volts. Initiai values of K = 


2.27 “and Ke = 0.6 were chosen to place the starting M-point at By = 17.4 


and By = 6.6. At this point, the value of zeta is 0.4 and @ = 3.8 rad/sec. 


If 9 were sinusoidal then 0 would lag @ by 90 degrées and 9 would lag 
9 by 90 degrees. Therefore, if 9 goes from its initial value of zero to 
the maximum value, Mae in cime, t, then 0 would arrive at ite maximum 
value in t/2 and OD would have a maximum in time t/4. 


Defining 6 
max 
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Q = 6 - @(6 : 
max ee oe fiv-5) 

c 
and 9 as 
ma 
Ge ie Q : Q ‘ 7 
max Smee 7 (0) (IV-6) 
t/2 


provides a basis for predicting M-point motion on the B,-B, plane. 
km 


i 
For zeta equal to 0.4 the maximum overshoot would be 1.25. Therefore, 


for a ten volt input, Cee is 12.5 volts. For @) equal to 3.8 rad/sec, t 


equals 0.414. Substituting these values in Eq. (IV-5) gives a CAG of 
4b TB Me. 
. ot 6 y ‘ So 
30.2 volts. Therefore, B .. equals 2.221. The values of 9 is predict- 
1 min max 


wy 


& TRIN 


ed from Eq. (IV-6) as 146 volts, which corresponds to a 8 sn of 3.206. 
Thus, the M-point would be bounded by the straight dashed lines shown in 
Fig. IV-2. A revision to the first approximation is now mace by choosing 
an average trajectory along the zeta equais 0.2 line and guessing at an 
average value of w of 1.43 rad/sec. from the corner value of @ Under 


these conditions, ee is 1.5 and t equals 1.10 seconds. Using this value 


of M Q is 15 volts and, from Eq. (IV-5), Q is 13.6 volts and, there- 


pt” max max 
fore B .. is 2.52. The revised value of @ is computed firom Eq. (IV-6) 
1 min max 
as 24.3 volts, which corresponds to 4 B., es of 4.23. A second revision 
t 


is now made based on the curved dash line of Fig. IV-2, using a walue of 


& 
zeta equals 0.3 and an of 1.4. From this data, M is 1.35, os is 
: 


pt “ 
o¢@ 
12.0 volts and 0 is 21.3 volts. Corresponding to B _ = 3.50 and 
max 1 min 
Be Pe 3.85. Since this second revision shows about the same M-point 


motion (shown by the curved dashed line in Fig. 1V-2) no further revisions 
are made. 

To predict M-point motion after the first peaks are reached, it is 
assumed that in one complete cycle position, velocity, and acceleration 
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are all damped by a factor ci é S » The following duri.vat. ot M- 


cy 
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point motion cver any one cycle is made assuming thet by and Bo are rt 
linear throughout tne entire cycle and, therefore, have waives gioen oy 


By =2+ 18 





O° 


and 


B. =3+ 18 , 


rey 


It is also assumed that velocity and acceleration have an ave! 


NS 


{2 





tude over one cycle equal to the average magnitude of a sine wave over one 
cycle, i,€;, 
9 = ,636 6 
ave peak 
and 
@.= .636 9 
ave ° peak ° 
Therefore: 
B yy ave = 2m 
636 [8]. 
Bay _ = 2+ Lee 
hia ,636 (5. P 
and 
2B. <B>... B = 18 A... ~ (ae 
1 ave 12 ave ll ave 636 | 5: aE 
: i 
Since | | = 3, | é S ,» then 
“3 
a ny ( 
AB, = 18 1 - ago C (IV-7) 
636 8, | é |? 
1 
where & is the damping factor. 
Similarly 
AB = 28.4 pS (TV -8) 
Le. 





The 6 factors appearing in Eqs. (IV-7 and IV-8) are tabuliat:d in 


Table [V-l1. Using the values of & from the table and Eqs. (id-7 


yy 


© 


(2 


IV-8), a predicted average M-point trajectory is plotted in Fig. IV-4. 


TABLE IV-1 ‘ 

0.0 0.00 

et 0.105 
On2 O22 
0.3 O5352 
0.4 0.493 
One 0.640 
0.6 0.823 
0.7 1,011 
0.8 Le 22 
OFe 1.461 
£70 Let 


The results of the computations for average M-point trajectory are shown in 
Table IV-2. 

The revised predicted trajectory for a ten volt step input was based 
on peak magnitudes of velocity and acceleration. If a single point average 


value is used based on the average value of a sine wave over a complete 


TABLE IV-2 
B, B, [0l@oies) [9f voles) § aB, AB. 
3.50 3.50 12.0 36.0 ,105 £25 08 
3.75 3.58 10.3 31.0 .110 30 10 
4.05 3.68 8.8 26.5 140 45 15 
4.50 3.83 ta) 7 165 £65 2 
5.15 4.05 5.7 17.1 210 1.05 35 
6.20 4.40 4.3 12.9 285 1.88 63 
8.08 5.03 3.0 8.9 423 4.00 1.35 
12.08 6.38 1.8 5.3 1.719 27.10 9.20 


K17 40  *#6,60 


# By is linear for B, = 17.4, 


“aby is linear for B., = 6.6. 
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P o Oe bo 
cycle then 0 = 0,63 98 and @ = 0.636 . FCr Ue tae er step 
ave max ave max 


e i -) 
input, 0 = 7.55 voits and @ = 13.4 volts corresponding tt: a ¥% 
ave ave 
= 4.39 and a B = 4,13, This point is shown as M in Fig iv-3. 


2 ave l ave 


According to the predictions developed here, if the first Mo . 18 as 


before the average M-point arrives at the linear M-point. 

Figure IV-5 is an M-point trajectory for a 10 volt step input, for 

° oe 

which the 9 vs 9 phase portrait is shown in Fig. IV-4. There is only one 
complete oscillation in the actual system. Figures IV-6 through 1\-iz are 
phase portraits and M-point trajectories for step inputs of 20, 30, 40, and 
50 volts. 

ihe average M-point trajectory does follow the general trénd cf the pre- 
dicted average trajectory. However, the predicted trajectory allows for 


nearly twice the number of cycles as actually occur. 
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CONCTUSLONS. 
nfiere are two primary sources for error in the predicte2 M-scir. 


trajéccory, The first source is in predicting the initial vaices if 


ity and acceleration and is due to the delay in position respcrse aft 


the step input 1s applied. This results in erroneous values of the 


velocity and acceleration peak magnitudes. 


4 


ine second source is in assuming a sinusoidal response when the actual 


response is a damped sinusoid. The damped sinusoid has a4 iower average 


magnitude over a cycle than apure sinusoid and, thus, the predicted 


of complete oscillations are greater than the actual number. 
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Pie 0k 
ee Voom TOG ee LA ee ELLs 
ae 1 oe te a eee. CIS Te Gs. 
The block dieercs. of the system to be onalyzed and the analoe 
commuter simulation of the system are shown in Fig. A-l. The closed loop 


transfer function for this system is 


O, Cs) 2 10 N 
9; (S) St? + 35% + 25 + 10N 





where N revresents the instantaneous variable gain of the saturation 
nonlinecrity. By choosing the last two coefficients of the characteris- 
tic enuction as the variable coefficients, the characteristic equation 


becanes 
S? +°9359° + BS + B= 0. (A-2) 


From Appendix B, Mitrovic's equations for By and By are: 


B= - [Sar hy) + af 4,08) a3) 


Pl 


B= 30,600 + w? GC) . (A-4) 


Substituting the values of the @ functions for f = 0 from Anpendix B in 
Bes. (\-3) and (A-4) gives the parametric equations of the stability 


CULVe AS 


B, = 30% 8-3) 
ond 
B, = w* : (A-6) 


89 


a | 
ae Ls : 2 5 == Oo 
- ~ a ee tae ate 
—— - OS ; | | _S v 

7 Z _— & > _ = 


aint 


ne 


ae 
So SU 41), eer? ie: Cae ae eee 7 
oa 


A 


| he Ly* 
7 - ae os ee - a 1a 
| a : 








(50 0=07 


G 


= oa 


ANNUKD BOIBaA BAL Ni NOlyaavs HIM WALSAG FOAINOY  — 


— 


Ty ayNs | ! 


Wvgovldg 4307 g 9) 


(2+S)(T+S) S 


OT 











Pies “Oy | = Ty ee Ps Ne NO eM etl G a a and By 
ve coe (ie i (sae ELC es a. [SoeUer ets Titik thioOeet ast ty 
CigsO@n eee no De Comper (An 1) vil Ue. Ce2), 16 1a seen treat 
3 = 2 gap =) DO} awhere “ Ress aanaeimun Voluc oF ane, “Tnws 


q 


en it point tncus is specified on the By - B, Lone. 
The intersection of the M-vnoint locus with the stability curve defines 


2 sinvte 3oint Gere cj) ) @ike ecuetions ror 30 and PB are satisfied. 


B = a () — {0 N (A\-7) 


on! 
— CC — ry 
= a at Z e (.\- . 
Tne sotutibn cof OW, SMT ~ives GG), = 1.41% radjsec. Substitutins tiis 


aoe GC) Ties (ie?) SER ee he Ooaet the warian ve ain oF 
Lie GAtty sl en non ines, ey 19 Cer ined As tices of the output to. tac 
she error sicrnal can be »redicted from Ea. (A-9) 


Det. 0 aaa 


Iya l TY eae . Gey fa 
cin v s 


c mee = woLt 3 (A-9) 
The lineer system vith 2 enin of 10 is unstable. Thus, iff eny 


cisturbarce ccecurs in the systen, the cutnut signal will begin to in- 


crerse in mrenitude. Vreregore, the error sienna! also increases in 


meenitude, “san the erroy chonnel saturates the sein of the system is 
VOCrecen:: , “ tne svstey erin is decreased, the system becomes more 


Pee ie FN Poet pcy Sime pearing to déereasc, “A decrease in the error 


signal incresses the system gain and the above process is repeated. 
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‘ventually « dynemic esvilibrima 1s reached in which the syste ose a4 ites 
atane the Tt-point locus at the intersection of the M-point lorus end the 
stability curve. dhe valne mf the nonjinear pain, N, ard the magnat ade 
of the error sicna!l, E , cre therefore tine averaged values. 

Fie. A-3 is 2 vhase portrait of this system obtained with an analog 
eennuter Sivilation o1 the system. The radien frequency of 1.395 rad/ 
sec, agrees within one percent of the predicted value of G), = 1.414 rads 
sec, <As previously stated, the magnitude of the error signal, & | when 
the system 1s operating in a limit cycle can be predicted as &.33 volts. 
Vhen the error channel saturates, the system will be driven with a ccn- 
stant input of five volts. ‘Yherefore, the system should be driven at the 
seme rate in either a nositive or a negative direction and the error sign- 
al channel should snéend the same amount of time in positive saturation as 
it dees in resetive saturation. The predicted magnitude of the error 
sienek should then be en average value which is independent of the sign 
oi the error signal. Cn Fig. A-3 a vertical line was drawn at € = -8.4 
volts. Then, for the limit cycle, the area marked "A" can be comparcd to 
the aree marked "BB" by counting the number of squares contained in each 
area, The two aress are enual rnd, therefore, the average magnitude of 
the error sianel is °.4 volts which errees closely with the predicted 
vyolue. 


Fig, 4-4 shows the eraphical solution to this nonlinear problem on 


the 3, - B., nlane and the Bo : B., plane. The solution for the &. - 


us plane rolicews the same pattern as that for the Bo - By plane. 
Solving this problem on the Bo ~ Bo plane is, however, somewhat unique 


and is exnlained in the following naragraphs. 
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“Oy Penmlin 9, Une Hicrovic equations for this systcm —itye tus 


PsNIronNrjaee COG+ sw ont ws ron the characteristic equation iio are 
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B, = Dram [72 Onde) - WFO}. vs 


When the 4 ¥ ) functions are substituted in Eqs. (A-10) and ‘A-iil) they 





become’ 
= ele 5 | ‘, 
B. = 2¥ RG), 7 G (A-¥ Tt 
ond 
= i 3 2 
B.= Bray Eon ~ OR 1-4 89)]. no) 
The substitution «of 5- in Eqs. (A-iz) and (A-13) results in singu.ari- 
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Recuiring the real and imaginary parts of Eq. (A-14) to 8) t5 zere 


indenendently vroduces the following equation pair. 


4, (2 acre) = 0 Ana) 


ee 2 — At 
BD, B, wr aa: 0 s (A~i6; 


reed - 3 iy > a . ‘ 2 ~ - + ’ a 
fhe solution to Fq. (\-15). after first dividing out j@,, is Wy* 2 
Thus, W,, = 1,434 radf/sec and, from Eq. (A-16), Bo se zB, Sin = e * 





3 irom the characteristic equation, then By = 6 and N = 9.6. The 


Be B, curves are then plotted and a graphical solutior is obtained 


which is consistent with the solutions from the Bo - B. and By -~ £ 


5 
planes. 
CASE I1. SATURATION IN THE VELOCITY FEEDBACK CHANNEL. 
The biock diagram of the system to be analyzed and the analog 

computer simulation of the system are shown in Fig. A-5. The closed 
loon trensfer function for this system is 

2,9) = ~ Toe Gas ea aa eee 30 (A-17) 

6; (Ss) S"+ 15° +145*+ (8 +120N)§ + 30 a 


where N represents the variable gain of the nonlinearity, As in Case 
1, the last two coefficients of the characteristic equation are chosen 


as the variable coefficients. The characteristic equation is 


94 475° +145% + ao bs (A-18) 


where 


B, = 40, (A-19) 


0 


and 


SB, - Secon. (A-20) 


From Appendix B, Mitrovie’s equations for By and Bare: 


B,=- [14 w2 diy + 1H3 4,0) + of d,c9| ta-24) 
and 


B, = Wil Wry, O, () i Tw 0, () a7 Ge , Ce) ; (Aas } 
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Substituting the /( E ) functions for ¥= QO from Appendix & in Eqs “A-?1) 


and (A-22) provides the following equations for the stability curves, 


— 2 ; ay ue 
a oe "| oF e (N= oG& 
The stability curve and M-point locus are plotted on the Ba - B. piare 
} i 


on Fig. A-6. 

The graphical solution to this problem reveals both a stable and an 
unsteble limit cycle. The gain of the linear system (N = 1.0) is high 
enough so that the linear system is unstable. Any disturbance that occurs 
in the sysiem produces an oscillatory state. When the velocity teedback 
signal seturates the reedback channel, the value of the nonlinear gain 15 
reduced, The M-point moves to the left toward the stability curve, if 
the average M-point moves to the left of (or inside) the stability curwe 
the system is damned. As the oscillations decrease in magnitude the non- 
linear gain incresses end the M-point returns to the stability cTurwe. 
Eventualiy a dynonmic equilibrium is reached and a stable limit «ycle ré- 
sults. At the intcrsections of the M-point lotus and the stability 


curve Ea, (A-19) end Ea. (A-23) are equivalent and, therefore, 


45) 


Wr - 14W2 + 30 = 0. (A-25) 
The solutions to Eq. (A-25) are? 


Wn = 1.63 vad /see (A-26) 
end 


G), = Se St rad /sec, (a-27™ 
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At each intersection of the M-point locus Faqs) ¢A-..) @ 


oce equivelent and 


AZON = (0% - S: 


4 


'A- 


ror the stable lamit ¢ycle, using the value of G), trom Eq. “A-as! 





sclution of Ea. (A-2Z8) is N equais 0.596. For the unstabie limit de 
Er, (A-Z6) arplies and the solution to Eq. (A-28) 1s “N equals 08 ‘4. 

The unstable Limit cycle results when the magnitude uf ty~ ein iity 
feedback sianal is large enough to produce saturation suf that ™ 12 
equal to or less than 0,0874, This condition will exist tor aty wagni- 

o 
tude of @ equal to or greater than 5.73 rad/sec, a value deri ted trom 
the following equations 
N = Slay < 0:0874- (An | 
e 

For ony @ whose magnitude satisfies Eq, (A-29), the syerem 15m - 

stable end the oscillations begin to grow. This increase in °° magnitude 
s 

of © further reduces the value of N and the oscillaticss cocticus ¢- 
ereéter napnitudes. Fig. A-7 is a phase portrait of this system sho. ag 
overation ct both lamit cycles. 

It is emphasized here that the operation of the system atc -ither 
limit cycle is not in a smail region about the intersection of the 

a 

stability carve ard the M-noint locus. As the value of 6 passes through 
zero in e1ther direction, the value of N is oréysince tne vel vity ae 
back channel is rot saturated. Thus, the instantaneous valuss of ™ 
cause the system to operate through a Lomg portion of the M-; sict :ocus, 
The unstrdole limit cycle, for example, would produce waives of & foe 


tween eight ond 128. 
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Gio ii SALUKATITON IN THE ACCELERATION FEEDBACK CHANNE?., 

fhe hlock cdieprom of the system to be analyzed ard the ana:oeg 
computer simulation of the system are shown in Fig. A-8. the cf ose: 
loop transfer function of the system was found from which the iraraé meet- 


istic equation is’ 
S4 +753 + (4+10N)s* +85 +20=06 (Ax 30) 


where, 


SS) $3 (h= 31) 


and , 


B,=14+10N. Ao2t 


iné 8 5 Mitrovic equation pair are selected from Apromdinx P. 
With the correct coefficients from Eq. (A-30) and the gc& ) functionvs 


for E = 0, the parametric equations for the stability curve ares 


y 


B, = 7 ws A-33) 


R= £0 (Xn 5G) 


z aS a 
G),< 
At the intersection of the M-point locus and the stability curve Eas. 
(A-31) and (A-33) are equivalent. Therefore, Ge = 1.069 :u./om. for 


this value of W 


ory Bs equals 18,64, from Eq. (A-34), and ™S equals 


0,464, from Eq. (A-32). 

che graphical solution to this preblem is shown in Fig, A-¥. If 
the mepnitude of the acceleration sipnal is large enough such that ™ 
is less then 0.4604. then the. system is unstable and oseillatious i- 


crease in magnitude, This increases the peak magnitude of the accelera- 


rs 
Fane 
i 


tion sSivnal, ces the mapnictcude of N, and causes the syst. 
[Ome more unsteble, Therefore the system will nevér 4&ttai.: a stabse staié 


For small signal magnitudes of acceleration the system cp:rates nest 
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the point where ik ais unity. In this region the system has scone damp - 
ing ratio, € , greeter than zero. As the oscillations are décreesed in 


magnitude, the value of N approaches unity. In this mode of 


eration 


€» 
3 


the oscillations will eventually die out and the system will operate in 
a linear, stable state. Fig. A-10 is a phase portrait of this system 
which illustrates the stable mode of operation, the unstabie jimit <w le, 


and the unstable mode of operation. 
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TAELE If, Equations for the Gf ED functions appiariny 3 
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